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In the first part of the paper we construct the metric of a tidally deformed, nonrotating black
hole. The metric is presented as an expansion in powers of r/b  1, in which r is the distance to
the black hole and b the characteristic length scale of the tidal field — the typical distance to the
remote bodies responsible for the tidal environment. The metric is expanded through order (r/b)4
and written in terms of a number of tidal multipole moments, the gravitoelectric moments Eab, Eabc,
Eabcd and the gravitomagnetic moments Bab, Babc, Babcd. It differs from the similar construction of
Poisson and Vlasov in that the tidal perturbation is presented in Regge-Wheeler gauge instead of
the light-cone gauge employed previously. In the second part of the paper we determine the tidal
moments by matching the black-hole metric to a post-Newtonian metric that describes a system of
bodies with weak mutual gravity. This extends the previous work of Taylor and Poisson (paper I in
this sequence), which computed only the leading-order tidal moments, Eab and Bab. The matching is
greatly facilitated by the Regge-Wheeler form of the black-hole metric, and this motivates the work
carried out in the first part of the paper. The tidal moments are calculated accurately through the
first post-Newtonian approximation, and at this order they are independent of the precise nature
of the compact body. The moments therefore apply equally well to a rotating black hole, or to a
(rotating or nonrotating) neutron star. As an application of this formalism, we examine the intrinsic
geometry of a tidally deformed event horizon, and describe it in terms of a deformation function
that represents a quadrupolar and octupolar tidal bulge.
I. INTRODUCTION AND SUMMARY
The tidal interaction between neutron stars in a close binary system has recently been the subject of intense
investigation, following the observation [1] that the tidal deformation of each body could have a measurable impact
on the emitted gravitational waves. The effect depends on the tidal deformability of each neutron star, and a large
effort has been deployed to the computation of this quantity for realistic models of neutron stars, and to ascertain
the importance of the tidal deformation on the gravitational-wave signal [2–24]. The recent observation of GW170817
by the LIGO and Virgo instruments [25], with its first attempt to measure the tidal deformability of neutron stars,
inaugurated a new era of gravitational-wave astronomy that is likely, in the fullness of time, to reveal some aspects
of nuclear matter equation of state and neutron-star internal structure.
Detailed modeling of the tidal dynamics of compact objects in general relativity requires the precise specification
of the tidal environment in which the compact object resides. In a context in which the tidal field is weak and varies
slowly compared with the dynamical timescale of the compact body, the tidal environment can be described in terms
of a number of tidal multipole moments. These come in two guises. The gravitoelectric moments Eab, Eabc, Eabcd,
and so on, are produced by mass densities external to the compact body, and have direct analogues in Newtonian
gravity. The gravitomagnetic moments Bab, Babc, Babcd, and so on, are produced by external mass currents, and have
no analogues in Newtonian gravity. A specification of the tidal environment amounts to a determination of the tidal
moments in terms of the state of motion of the two-body system. This task is the central concern of this paper.
A method to determine tidal moments, in a context in which the compact object is a member of a post-Newtonian
binary system, was developed by Taylor and Poisson in Ref. [26], the first paper in this sequence — hereafter referred
to as Paper I. The method, a generalization to compact objects of a previous implementation limited to weakly self-
gravitating bodies [27–29], relies on the matching of two distinct metrics in an overlapping domain of validity. The
situation is illustrated in Fig. 1.
The first metric is that of a tidally deformed compact object, presented as a perturbed version of the Schwarzschild
metric, and expressed in terms of the tidal multipole moments. This metric is valid in a small domain that surrounds
the compact body, and the tidal moments appear in it as freely specifiable functions of time. These cannot be
determined by integrating the Einstein field equations in the small domain, because the companion body is excluded
and the integration cannot incorporate its precise influence on the gravitational field of the compact object.
The second metric is a post-Newtonian metric given in a large domain that includes both bodies, but leaves out a
small region around the compact object, in which gravity is too strong to be adequately captured by a post-Newtonian
approximation. In this way, the internal gravity of the compact object is allowed to be strong, while the mutual gravity
between bodies is assumed to be weak. Because the domain excludes the compact body, the post-Newtonian metric
also contains freely specifiable functions of time.
There exists an overlap between the small domain of the first metric and the large domain of the second metric.
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2FIG. 1. A post-Newtonian system consisting of a black hole (left, black) and a normal star (right, yellow online). The post-
Newtonian domain is pictured as an ellipse (blue online), and it excludes the fuzzy white region surrounding the black hole.
The black-hole domain is pictured as the dark fuzzy region (red online), which extends all the way down to the black hole. The
matching of the black-hole and post-Newtonian metrics is carried out in the overlap between the black-hole and post-Newtonian
domains.
Matching the metrics in this overlap determines the tidal moments and the missing details of the post-Newtonian
metric. In this manner, the tidal environment of the compact body is determined, up to a desired number of moments,
and up to a desired post-Newtonian order. In Paper I [26] the method was exploited to calculate the leading order
tidal moments, Eab and Bab, through the first post-Newtonian (1pn) approximation. In this paper we extend this
calculation to the next two tidal moments, Eabc and Eabcd, as well as Babc and Babcd; this calculation also is carried
out to 1pn order.
The multipole moments are defined precisely in Sec. II, and their scaling with the mass M2 of the companion body,
the interbody distance b, and the orbital velocity V is also described in this section. For concreteness we choose
the compact object to be a nonrotating black hole of mass M1. The precise nature of the body, however, is of no
consequence in the determination of the tidal moments at 1pn order: the effects of spin enter at 1.5pn order, and
finite-size effects enter at 5pn order. Our moments, therefore, determine the tidal environment of a neutron star just
as well as that of a black hole, and these objects are allowed to rotate.
The construction of the metric of a tidally deformed black hole begins in Sec. III with the introduction of tidal
potentials constructed from the tidal moments. The metric is next obtained in (v, r, θ, φ) coordinates in Sec. IV,
with v denoting advanced time, and transformed to (t, r, θ, φ) coordinates in Sec. V. The goal is to obtain a metric
accurate through fourth order in an expansion in powers of r/b, where r is the distance to the black hole and b is the
interbody distance. This metric incorporates terms that involve the tidal quadrupole moments Eab and Bab and their
time derivatives, the octupole moments Eabc and Babc and their time derivatives, and the hexadecapole moments Eabcd
and Babcd. The nonlinearity of the field equation implies that terms at order (r/b)4 also include bilinear combinations
of Eab and Bab. To achieve all this we rely heavily on the formalism of Poisson and Vlasov [30], which provides an
essential foundation for this work.
In fact, the metric of a tidally deformed black hole, accurate through order (r/b)4, was already constructed by
Poisson and Vlasov, and in principle, this metric could have been imported directly without having to perform the
additional work described in Secs. IV and V. The need for this work comes from the fact that the Poisson-Vlasov
metric is given in a form that does not facilitate a matching with the post-Newtonian metric. First, the metric is
expressed in light-cone coordinates, and its post-Newtonian expansion does not reduce to the standard post-Newtonian
form that is required for matching. Second, the Poisson-Vlasov metric is expressed in terms of tidal moments that
were specifically defined to simplify the description of the deformed event horizon; these definitions make the post-
Newtonian expression of the metric more complicated than it has to be.
In our developments in Secs. IV and V, we endeavor to arrive at a form for the black-hole metric that will simplify,
to the fullest extent possible, the task of matching it to a post-Newtonian metric. And we aim to achieve this not
just at the 1pn order of the calculations carried out in this paper, but also at higher post-Newtonian orders, in
preparation for future work. In this regard, the most important property of the black-hole metric is that it becomes
compatible with the standard form of the post-Newtonian metric after expansion through 1pn order. This is achieved
3with two technical devices. First, the metric of the unperturbed black hole, given by the Schwarzschild solution, is
presented in the harmonic radial coordinate r¯, related to the usual areal radius r by r¯ = r−M . This ensures that the
unperturbed metric reduces to the standard post-Newtonian metric after expansion. Second, the tidal perturbation is
presented in Regge-Wheeler gauge, which happily produces a perturbed metric that continues to respect the standard
post-Newtonian form. Such simplicity could not be achieved with the Poisson-Vlasov metric. It also was not achieved
in Paper I [26], with a perturbed metric presented initially in the light-cone gauge. Matching with the post-Newtonian
metric required a transformation of the black-hole metric to harmonic coordinates, a technically demanding step that
was (in retrospect) unnecessary. Our new construction allows us to avoid this step altogether, and provides a solid
infrastructure that will facilitate future extensions of this work.
As stated previously, the metric of a tidally deformed black hole can be expressed in terms of tidal multipole
moments that appear as freely specifiable functions of time. The moments, however, are not uniquely defined, and
they admit redefinitions that leave the form of the metric unchanged up to integration constants. It was this freedom
that was exploited by Poisson and Vlasov [30] to simplify the description of the perturbed horizon. In this work we
exploit it differently, to simplify the post-Newtonian expansion of the metric. The redefinition of tidal moments is
explored in Sec. VI, and sets of tidal moments that belong to different “calibrations” are related to one another.
The task of matching the black-hole and post-Newtonian metrics begins in Sec. VII with the post-Newtonian
expansion of the black-hole metric and the extraction of the gravitational potentials (a Newtonian potential U , a
vector potential Ua, and a post-Newtonian potential Ψ). The matching itself is carried out in Sec. VIII. The final
products are the tidal moments expressed in terms of external potentials that represent the gravitational field of the
companion body. These are evaluated concretely in Sec. IX, and the tidal moments are finally obtained in terms of the
orbital degrees of freedom of the two-body system. At this stage our task is complete: the quadrupole, octupole, and
hexadecapole tidal moments are all determined through the first post-Newtonian order. We note that the octupole
tidal moments were previously given in Ref. [31] for the specific case of circular orbits; our expressions agree with
theirs. The hexadecapole moments are presented here for the first time.
As an application of our results, in Sec. X we examine the intrinsic geometry of the tidally deformed event hori-
zon. To describe the deformation it is useful to introduce a fictitious two-dimensional surface embedded in a three-
dimensional flat space, to describe this surface by the equation r = 2M1(1+ε), and to choose the displacement function
ε in such a way that the embedded surface possesses the same intrinsic geometry as a two-dimensional cross-section
of the event horizon. In relativistic units in which G = c = 1, used throughout the paper, we find that ε is given by
ε =
1
2
q21q2
(
M
b
)3{
−
[
1 +
1
2
q1V
2
]
(3 cos2 θ − 1) + 3
[
1 +
1
2
(q1 − 4)V 2
]
sin2 θ cos(2ψ)
− 3
5
q1V
2 sin θ(5 cos2 θ − 1) cos(ψ) + q1V 2 sin3 θ cos(3ψ) + 1.5pn
}
, (1.1)
where M := M1 + M2, q1 := M1/M , q2 := M2/M , V = (M/b)
1/2 is the orbital velocity, and (θ, φ) are polar angles
that specify a position on the embedded surface, with the polar axis taken to be normal to the orbital plane. The
phase function is defined by ψ := φ− ω¯v, with v representing advanced-time on the horizon, and
ω¯ =
√
M
b3
[
1− 1
2
(3 + q1q2)V
2 + 2pn
]
. (1.2)
is the angular frequency of the tidal field.
The displacement function can be decomposed into a quadrupole term that is independent of the phase ψ, and
another quadrupole term that oscillates at twice the frequency ω¯; both terms originate from Eab. The remaining terms
at 1pn order consist of octupole deformations that oscillate at once and three times the tidal frequency; both terms
originate from Eabc, and they were omitted in the earlier statement of this result given in Paper I. The hexadecapole
tidal moment Eabcd makes no appearance in ε at 1pn order, and the gravitomagnetic moments are excluded on the
grounds that they have the wrong parity to contribute to a scalar quantity such as ε. The tidal displacement represents
a bulge aligned with φ = ω¯v.
Some of the calculations presented in the main text rely on tables and technical developments relegated to three
appendices. In Appendix A we provide decompositions of Cartesian tensors into irreducible pieces, and in Appendix B
we record various derivatives of a distance function that appears in gravitational potentials. In Appendix C we display
a large number of tables that contain definitions of various quantities used in our calculations.
4II. TIDAL MOMENTS AND SCALES
We consider a nonrotating black hole of mass M1 immersed in a tidal environment described by the gravitoelectric
tidal moments Eab, Eabc, Eabcd, and the gravitomagnetic tidal moments Bab, Babc, Babcd; all tidal moments are defined
as three-dimensional Cartesian tensors, and are functions of time only. The gravitational field of the tidally deformed
black hole is described by a metric gαβ presented as an expansion in powers of r/b  1, where r is the distance to
the black hole and b is the characteristic length scale of the tidal field — the typical distance to the remote bodies
responsible for the tidal environment. The tidal moments determine the behavior of the metric when r  M1, and
their time dependence is arbitrary; it cannot be determined by integrating the field equations locally, in a neighborhood
of the black hole limited to r  b. To determine the tidal moments, the local metric gαβ must be matched to a global
metric that extends beyond r = b and includes the remote bodies.
The tidal moments can be loosely interpreted as describing the Weyl curvature of the tidally deformed black hole
in a distance interval M1  r  b, in which the tidal field dominates over the hole’s own gravity. Formally, however,
the tidal moments are defined in terms of the Weyl tensor of a different, but related, spacetime. The metric of this
spacetime is the limit of gαβ when M1 is taken to zero while keeping the tidal moments fixed. The Weyl tensor and
its covariant derivatives are then computed for this metric, and their components in local Lorentzian coordinates
(x0, xa) are evaluated at r = 0, now describing a regular world line of the spacetime. Additional details regarding the
definition of the tidal moments are provided in Sec. II of Ref. [30].
The tidal quadrupole moments are defined by
Eab :=
(
C0a0b
)STF
, (2.1a)
Bab := 1
2
(
apqC
pq
b0
)STF
(2.1b)
in terms of the Weyl tensor Cαβγδ of the related spacetime. Here abc is the permutation symbol, and the STF sign
instructs us to symmetrize all free indices and remove all traces. This operation is also indicated in an angular-
bracket notation, such as A〈abcd〉 := (Aabcd)STF. The tidal moments are functions of coordinate time x0 (either t or
advanced-time v), and we use overdots to indicate differentiation with respect to this coordinate.
The tidal octupole moments are defined by
Eabc :=
(
C0a0b|c
)STF
, (2.2a)
Babc := 3
8
(
apqC
pq
b0|c
)STF
, (2.2b)
in which a vertical stroke indicates covariant differentiation. These also are functions of coordinate time, and time
derivatives are again indicated with overdots.
The tidal hexadecapole moments are defined by
Eabcd := 1
2
(
C0a0b|cd
)STF
, (2.3a)
Babcd := 3
20
(
apqC
pq
b0|cd
)STF
. (2.3b)
The numerical factors inserted in these equations are inherited from Zhang’s choice of normalization for the tidal
moments [32].
The tidal environment is characterized by an external mass scale M2, a distance scale b, a velocity scale V ∼
√
M/b,
where M := M1 +M2, and an angular-velocity scale ω ∼ V/b. The gravitoelectric moments scale as
Eab ∼ M2
b3
, Eabc ∼ M2
b4
, Eabcd ∼ M2
b5
, (2.4)
and the gravitomagnetic moments scale as
Bab ∼ M2V
b3
, Babc ∼ M2V
b4
, Babcd ∼ M2V
b5
. (2.5)
Time derivatives of the gravitoelectric tidal moments scale as
E˙ab ∼ M2V
b4
, E¨ab ∼ M2V
2
b5
, E˙abc ∼ M2V
b5
, (2.6)
5while the derivatives of the gravitomagnetic moments scale as
B˙ab ∼ M2V
2
b4
, B¨ab ∼ M2V
3
b5
, B˙abc ∼ M2V
2
b5
. (2.7)
We assume that b  M1, so that the source of the tidal field is situated far from the black hole. This implies that
V 2  (1 +M2/M1), so that the orbital velocity is much smaller than the speed of light. It also follows that
M1ω ∼ (1 +M2/M1)1/2(M1/b)3/2  1, (2.8)
so that the time scale ω−1 associated with variations of the tidal field is much longer than M1, the time scale associated
with the black hole. The tidal field is thus assumed to be weak and to vary slowly.
The metric of a tidally deformed black hole shall be presented as an expansion in powers of r/b, assuming that
r, the distance to the black hole, is much smaller than b, the distance scale of the tidal field. The metric shall be
expanded through order (r/b)4, and expressed in terms of tidal potentials constructed from the tidal moments.
III. TIDAL POTENTIALS
The metric of a tidally deformed black hole can be expressed in terms of a number of tidal potentials that are
constructed from the tidal moments. Details are provided in Sec. II of Ref. [30], and we summarize the main points
here.
The tidal moments are combined with Ωa := xa/r, with r denoting the usual Euclidean distance, so as to form
scalar and vector potentials that form an irreducible representation of the rotation group labeled by multipole order
`. (Tensor potentials are not required, by virtue of the gauge choice adopted in Secs. IV and V.) Each vector potential
is required to be purely transverse, in the sense of being orthogonal to Ωa. The required potentials are displayed in
Table I.
A transformation from Cartesian coordinates xa to spherical coordinates (r, θ, φ) is effected by xa = rΩa(θA), in
which Ωa is now parameterized by two polar angles θA = (θ, φ). Explicitly, we have that Ωa = [sin θ cosφ, sin θ sinφ, cos θ].
The Jacobian matrix is given by
∂xa
∂r
= Ωa,
∂xa
∂θA
= rΩaA, (3.1)
with ΩaA := ∂Ω
a/∂θA. We have that ΩAB := δabΩ
a
AΩ
b
B = diag[1, sin
2 θ] is the metric on the unit two-sphere, and ΩAB
is its inverse. The inverse of the Jacobian matrix is
∂r
∂xa
= Ωa,
∂θA
∂xa
=
1
r
ΩAa , (3.2)
where ΩAa := Ω
ABδabΩ
b
B .
We introduce DA as the covariant-derivative operator compatible with ΩAB , and AB as the Levi-Civita tensor on
the unit two-sphere (with nonvanishing components θφ = −φθ = sin θ). We adopt the convention that uppercase
Latin indices are raised and lowered with ΩAB and ΩAB , respectively. Finally, we note that DCΩAB = DCAB = 0.
We convert the vector potentials from their initial Cartesian forms to angular-coordinate versions by making use of
the matrix ΩaA. We thus define
BqA := BqaΩaA, (3.3)
and apply the same rule to all other vector potentials. After this conversion the tidal potentials become scalar and
vector fields on the unit two-sphere, and they become independent of r. It is easy to show that the conversion is
reversed with Bqa = BqAΩAa .
The tidal potentials can all be expressed in terms of spherical harmonics. Let Y `m be real-valued spherical-harmonic
functions (as defined in Table II). The relevant vectorial and tensorial harmonics of even parity are
Y `mA := DAY
`m, (3.4a)
Y `mAB :=
[
DADB +
1
2
`(`+ 1)ΩAB
]
Y `m; (3.4b)
notice that Y `mAB is tracefree, Ω
ABY `mAB = 0, by virtue of the eigenvalue equation satisfied by the spherical harmonics.
The vectorial and tensorial harmonics of odd parity are
X`mA := − BA DBY `m, (3.5a)
6X`mAB := −
1
2
(
 CA DB + 
C
B DA
)
DCY
`m = 0; (3.5b)
the tensorial harmonics X`mAB also are tracefree: Ω
ABX`mAB = 0. The decomposition of the tidal potentials in spherical
harmonics is presented in Tables III, IV, V, VI, VII, and VIII.
IV. METRIC IN (v, r, θ, φ) COORDINATES
In this section and the next we construct the metric of a tidally deformed black hole, expanded through order
(r/b)4. In these sections and the ones that follow, we denote the mass of the black hole by M instead of M1. The
original practice will be resumed in Sec. IX.
In the standard (v, r, θA) coordinates, the metric of an unperturbed black hole is given by the Schwarzschild solution,
which has the nonvanishing components
gvv = −f, gvr = 1, gAB = r2ΩAB , (4.1)
where f := 1 − 2M/r. The tidal perturbation introduces additional terms in the metric. These are constructed by
incorporating a tidal potential such as E q(v, θA), multiplied by a radial function such as eqvv(r), in the metric. All
potentials listed in Table I participate, along with their derivatives with respect to v. Including all such combinations
produces a complete metric ansatz that can then be inserted within the Einstein field equations to determine the
radial functions.
The perturbation is presented in the Regge-Wheeler gauge (see, for example, Ref. [33] for definitions and a review of
black-hole perturbation theory), which requires even-parity terms to be confined to the vv, vr, rr, and AB components
of the metric, and odd-parity terms to be confined to the vA and rA components of the metric. In addition, the
Regge-Wheeler gauge requires gAB to be proportional to ΩAB . The gauge is uniquely defined for ` ≥ 2, but it is not
defined when ` = 0 and ` = 1. The choices made in the monopole and dipole cases will be described below.
The metric of a tidally deformed, nonrotating black hole takes the form of
gvv = −f + r2eqvv E q + r3e˙qvv E˙ q + r4e¨qvv E¨ q + r3eovv E o + r4e˙ovv E˙ o + r4ehvv E h + r4
(
pmvv Pm + qmvvQm
)
+ r4
(
pqvv Pq + qqvvQq
)
+ r4
(
phvv Ph + qhvvQh
)
+ r4
(
gdvv Gd + govv Go
)
+O(r5), (4.2a)
gvr = 1 + r
2eqvr E q + r3e˙qvr E˙ q + r4e¨qvr E¨ q + r3eovr E o + r4e˙ovr E˙ o + r4ehvr E h + r4
(
pmvr Pm + qmvrQm
)
+ r4
(
pqvr Pq + qqvrQq
)
+ r4
(
phvr Ph + qhvrQh
)
+ r4
(
gdvr Gd + govr Go
)
+O(r5), (4.2b)
grr = r
2eqrr E q + r3e˙qrr E˙ q + r4e¨qrr E¨ q + r3eorr E o + r4e˙orr E˙ o + r4ehrr E h + r4
(
pmrr Pm + qmrrQm
)
+ r4
(
pqrr Pq + qqrrQq
)
+ r4
(
phrr Ph + qhrrQh
)
+ r4
(
gdrr Gd + gorr Go
)
+O(r5), (4.2c)
gvA = r
3bqv BqA + r4b˙qv B˙qA + r5b¨qv B¨qA + r4bov BoA + r5b˙ov B˙oA + r5bhv BhA + r5
(
hqvHqA + hhvHhA
)
+O(r6), (4.2d)
grA = r
3bqr BqA + r4b˙qr B˙qA + r5b¨qr B¨qA + r4bor BoA + r5b˙or B˙oA + r5bhr BhA + r5
(
hqrHqA + hhrHhA
)
+O(r6), (4.2e)
gAB = r
2ΩAB
[
1 + r2eq E q + r3e˙q E˙ q + r4e¨q E¨ q + r3eo E o + r4e˙o E˙ o + r4eh E h + r4(pm Pm + qmQm)
+ r4
(
pq Pq + qqQq)+ r4(ph Ph + qhQh)+ r4(gd Gd + go Go)+O(r5)], (4.2f)
where, for example, E q is the tidal potential introduced in Table III, and eqvv, eqvr, eqrr, and eq are the radial functions
that come with it. An overdot on a tidal potential indicates differentiation with respect to v — the time dependence is
contained in the tidal moments — and the radial functions attached to time-differentiated potentials are also adorned
with overdots (though these functions are not differentiated with respect to v).
The radial functions are determined by integrating the Einstein field equations in vacuum. The solutions are
presented in Tables IX, X, XI, and XII. Integration for ` = 0 and ` = 1 requires some gauge choices. For ` = 0 we
let pmvv and p
m be the two independent functions, and we set pmvr = −pmvv/f and pmrr = 2pmvv/f2, a choice inspired from
the structure of the solutions for ` ≥ 2. For ` = 1 we set gd = 0, and find that gdvv = 0 as a consequence of the field
equations.
The radial functions depend on a number of integration constants, which are denoted with a sans-serif symbol
such as eq1. (Other constants of integration are fixed by demanding that the metric be well behaved at r = 2M . An
exception to this rule concerns the terms proportional to pm and qm; this point is discussed below.) These constants
correspond to the freedom to redefine the tidal moments according to
Eab → Eab + eq1M E˙ab + eq2M2E¨ab + pqM2Ep〈aEpb〉 + qpM2Bp〈aBpb〉, (4.3a)
7Bab → Bab + bq1M B˙ab + bq2M2B¨ab + hqM2Ep〈aBpb〉, (4.3b)
Eabc → Eabc + eo1M E˙abc + goMpq〈aEpbBqc〉, (4.3c)
Babc → Babc + bo1M B˙abc (4.3d)
and
2Eabcd → 2Eabcd + ph E〈abEcd〉 + qh B〈abBcd〉, (4.4a)
10
3
Babcd → 10
3
Babcd + hh E〈abBcd〉, (4.4b)
as well as the freedom to redefine the mass parameter according to
M →M + pmM5EpqEpq + qmM5BpqBpq. (4.5)
More precisely stated, the radial functions presented in the Tables can be obtained from bare radial functions — the
same functions with all integration constants set to zero — by applying the redefinitions of Eqs. (4.3), (4.4), and (4.5).
The freedom described by Eqs. (4.3) can be used to calibrate the tidal moments in a number of ways. For example,
in Ref. [30] the freedom to redefine the tidal moments was exploited to ensure that in the light-cone gauge employed
there, the event horizon of the deformed black hole continues to be situated at r = 2M . It was also exploited to
ensure that the intrinsic geometry of the deformed horizon is independent of all v-derivatives of the tidal moments.
In this “horizon calibration”, the integration constants are fixed to
eq1 = −
92
15
, eq2 =
5569
225
, eo1 = −
188
21
, bq1 = −
76
15
, bq2 =
18553
1050
, bo1 = −
919
105
, (4.6a)
pq = −2
7
, qq =
18
7
, go = −10, hq = −44
7
. (4.6b)
The redefinitions of Eqs. (4.4) do not involve the black-hole mass M , and the freedom contained in these equations
must be exploited to ensure that the tidal moments Eabcd and Babcd that appear in the metric are those that are
actually defined by Eqs. (2.3). This is achieved with
ph =
355
3
, qh = −5
3
, hh = −10. (4.7)
Finally, the freedom described by Eq. (4.5) was also used by Poisson and Vlasov [30] to simplify the description of
the event horizon. In this “horizon calibration” of the mass parameter,
pm = 0, qm = 0. (4.8)
The results of Eqs. (4.6), (4.7), and (4.8) can all be established by showing that the perturbation presented here in
Regge-Wheeler gauge can be obtained from the light-cone gauge of Poisson and Vlasov by a gauge transformation;
this requires these specific values for the integration constants.
The “horizon calibration” is convenient for the purposes of examining the intrinsic geometry of the deformed
horizon, but it may not be convenient for other purposes. An alternative calibration, designed to simplify the form
of the radial functions, would be obtained by setting all integration constants (except for ph, qh, and hh) to zero. Yet
another choice is the “post-Newtonian calibration” to be introduced in Sec. V.
Some of the radial functions listed in the Tables have factors of f := 1− 2M/r appearing in denominators, and this
might suggest that these functions are not regular at r = 2M . Closer scrutiny, however, reveals that the functions
are in fact regular. It can indeed be shown that e¨qvr = O(f), e¨
q
rr = O(1), and b¨
q
r = O(1) when r → 2M . The
functions pmvr, p
m
rr, q
m
vr, and q
m
rr, however, are genuinely singular at r = 2M . The singular terms in the metric come
with the integration constants pm and qm, which represent the shift in mass parameter described by Eq. (4.5). These
contributions to the monopole perturbation can easily be recast in a nonsingular form with a gauge transformation.
But the (singular) gauge adopted here emerges as a natural choice when the metric is expressed in the (t, r, θA)
coordinates of Sec. V. In any event, the choices of Eq. (4.8) ensure that the singular terms are eliminated from the
metric.
V. METRIC IN (t, r, θ, φ) COORDINATES
The metric in (t, r, θA) coordinates can be obtained from the metric of Eq. (4.2) by performing the coordinate
transformation
v = t+ r∆, ∆ := 1 +
2M
r
ln
(
r
2M
− 1
)
, (5.1)
8which implies that dv = dt + f−1 dr. In Sec. IV, a tidal potential such as E q was considered to be a function of v,
and it must now be re-expressed in terms of t. Given our assumption that the tidal moments vary slowly, this can be
done with the help of a Taylor expansion,
E q(v) = E q(t) + r∆E˙ q(t) + 1
2
r2∆2E¨ q(t) +O(r3). (5.2)
After making such substitutions and performing the coordinate transformation, we find that the metric of a tidally
deformed, nonrotating black hole can also be expressed as
gtt = −f + r2eqtt E q + r3e˙qtt E˙ q + r4e¨qtt E¨ q + r3eott E o + r4e˙ott E˙ o + r4ehtt E h + r4
(
pmtt Pm + qmttQm
)
+ r4
(
pqtt Pq + qqttQq
)
+ r4
(
phtt Ph + qhttQh
)
+ r4
(
gdtt Gd + gott Go
)
+O(r5), (5.3a)
gtr = r
3e˙qtr E˙ q + r4e¨qtr E¨ q + r4e˙otr E˙ o + r4
(
gdtr Gd + gotr Go
)
+O(r5), (5.3b)
grr = f
−1 + r2eqrr E q + r3e˙qrr E˙ q + r4e¨qrr E¨ q + r3eorr E o + r4e˙orr E˙ o + r4ehrr E h + r4
(
pmrr Pm + qmrrQm
)
+ r4
(
pqrr Pq + qqrrQq
)
+ r4
(
phrr Ph + qhrrQh
)
+ r4
(
gdrr Gd + gorr Go
)
+O(r5), (5.3c)
gtA = r
3bqt BqA + r4b˙qt B˙qA + r5b¨qt B¨qA + r4bot BoA + r5b˙ot B˙oA + r5bht BhA + r5
(
hqtHqA + hhtHhA
)
+O(r6), (5.3d)
grA = r
4b˙qr B˙qA + r5b¨qr B¨qA + r5b˙or B˙oA + r5
(
hqrHqA + hhrHhA
)
+O(r6), (5.3e)
gAB = r
2ΩAB
[
1 + r2eq E q + r3e˙q E˙ q + r4e¨q E¨ q + r3eo E o + r4e˙o E˙ o + r4eh E h + r4(pm Pm + qmQm)
+ r4
(
pq Pq + qqQq)+ r4(ph Ph + qhQh)+ r4(gd Gd + go Go)+O(r5)], (5.3f)
where all tidal potentials are now given as functions of t. The new radial functions are listed in Tables XIII, XIV,
XV, and XVI.
The freedom to redefine the tidal moments was introduced in Eqs. (4.3), (4.4), and (4.5), and the “horizon calibra-
tion” of these moments was introduced in Eqs. (4.6) and (4.8). For our purposes in Sec. VII, it is convenient to adopt
an alternative “post-Newtonian calibration” that ensures that all radial functions begin an expansion in powers of
M/r with the largest power possible. For example, with a generic value for eq1, the function e˙
q
tt possesses an expansion
that begins at order M/r. Setting eq1 = −52/15 eliminates this leading term, as well as terms of order (M/r)2 and
(M/r)3, and leaves an expansion that begins at order (M/r)6. This choice of integration constant therefore defines
the post-Newtonian calibration for this radial function.
Adapting the procedure to all other radial functions, we find that the post-Newtonian calibration is achieved with
eq1 = −
52
15
, eo1 = −
30
7
, bq1 = −
29
10
, bo1 = −
293
70
, go = 0. (5.4)
The values of ph, qh, and hh continue to be fixed by Eq. (4.7),
ph =
355
3
, qh = −5
3
, hh = −10. (5.5)
And because the remaining constants do not affect the leading terms in expansions of the radial functions in powers
of M/r, we set them to zero for simplicity:
eq2 = b
q
2 = p
m = pq = qm = qq = hq = 0. (5.6)
VI. RELATION BETWEEN TIDAL MOMENTS
Tidal moments corresponding to a calibration µ, where µ collectively denotes a specific set of integration constants
{eq1, eq2, · · · , hq, hh}, are obtained from bare tidal moments through the redefinitions of Eqs. (4.3). We have that
Eab(µ) = Eab(0) + eq1M E˙ab(0) + eq2M2E¨ab(0) + pqM2Ep〈aEpb〉(0) + qpM2Bp〈aBpb〉(0), (6.1a)
Bab(µ) = Bab(0) + bq1M B˙ab(0) + bq2M2B¨ab(0) + hqM2Ep〈aBpb〉(0), (6.1b)
Eabc(µ) = Eabc(0) + eo1M E˙abc(0) + goMpq〈aEpbBqc〉(0), (6.1c)
Babc(µ) = Babc(0) + bo1M B˙abc(0), (6.1d)
9where Eab(µ) and so on stand for the calibrated moments, while Eab(0) and so on stand for the bare moments. It
follows from these relations that tidal moments corresponding to different calibrations can be related to each other,
independently of the bare moments. We have that
Eab(µ2) = Eab(µ1) + [eq1(2)− eq1(1)]M E˙ab(µ1) +
{
eq2(2)− eq2(1)− eq1(1)[eq1(2)− eq1(1)]
}
M2E¨ab(µ1)
+ [pq(2)− pq(1)]M2Ep〈aEpb〉(µ1) + [qq(2)− pq(1)]M2Bp〈aBpb〉(µ1), (6.2a)
Bab(µ2) = Bab(µ1) + [bq1(2)− bq1(1)]M B˙ab(µ1) +
{
bq2(2)− bq2(1)− bq1(1)[bq1(2)− bq1(1)]
}
M2B¨ab(µ1)
+ [hq(2)− hq(1)]M2Ep〈aBpb〉(µ1), (6.2b)
Eabc(µ2) = Eabc(µ1) + [eo1(2)− eo1(1)]M E˙abc(µ1) + [go(2)− go(1)]Mpq〈aEpbBqc〉(µ1), (6.2c)
Babc(µ2) = Babc(µ1) + [bo1(2)− bo1(1)]M B˙abc(µ1), (6.2d)
where constants such as eq1(1) are elements of µ1, while constants such as e
q
1(2) are elements of µ2. With these rules it
follows from Eqs. (4.6), (4.7), (4.8), (5.4), (5.5), and (5.6) that the tidal moments in the horizon and post-Newtonian
calibrations are related by
Eab(H) = Eab(PN)− 8
3
M E˙ab(PN) + 1163
75
M2E¨ab(PN)− 2
7
M2Ep〈aEpb〉(PN) +
18
7
M2Bp〈aBpb〉(PN), (6.3a)
Bab(H) = Bab(PN)− 13
6
M B˙ab(PN) + 23911
2100
M2B¨ab(PN)− 44
7
M2Ep〈aBpb〉(PN), (6.3b)
Eabc(H) = Eabc(PN)− 14
3
M E˙abc(PN)− 10Mpq〈aEpbBqc〉(PN), (6.3c)
Babc(H) = Babc(PN)− 137
30
M B˙abc(PN). (6.3d)
We recall that Eabcd and Babcd have a fixed calibration determined by the definitions of Eqs. (2.3).
VII. POST-NEWTONIAN POTENTIALS OF A TIDALLY DEFORMED BLACK HOLE
In this section we obtain the post-Newtonian limit of the metric of a tidally deformed black hole. We shall show
that with a shift of the radial coordinate and a transformation to Cartesian coordinates, it can be expressed in the
standard form (see, for example, Sec. 8.2 of Ref. [34])
gtt = −1 + 2U + 2(Ψ− U2) + 2pn, (7.1a)
gta = −4Ua + 2pn, (7.1b)
gab = (1 + 2U)δab + 2pn, (7.1c)
in terms of a Newtonian potential U , a vector potential Ua, and a post-Newtonian potential Ψ. This exercise prepares
the way for the matching calculation of Sec. VIII.
The integration constants of Eqs. (5.4), (5.5), and (5.6) — which define the “post-Newtonian calibration” of the tidal
moments — are inserted in the metric of Eqs. (5.3), which is then expressed as a post-Newtonian expansion truncated
after the first post-Newtonian (1pn) order. The gravitoelectric tidal moments are themselves given post-Newtonian
expansions of the form
Eab = Eab(0pn) + Eab(1pn) + 2pn, (7.2a)
Eabc = Eabc(0pn) + Eabc(1pn) + 2pn, (7.2b)
Eabcd = Eabcd(0pn) + Eabcd(1pn) + 2pn, (7.2c)
while the gravitomagnetic moments are truncated at their leading, 1pn order. The metric is expressed in terms of the
harmonic radial coordinate
r¯ = r −M, (7.3)
where r is the usual areal coordinate employed previously; this shift by −M is a post-Newtonian correction.
With all this the metric becomes
gtt = −1 +
[
2M
r¯
− r¯2 E q(0pn)− 1
3
r¯3 E o(0pn)− 1
12
r¯4 E h(0pn)
]
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+
[
−2M
2
r¯2
+ 2Mr¯ E q(0pn) + 2
3
Mr¯2 E o(0pn) + 1
6
Mr¯3 E h(0pn)− 11
42
r¯4 E¨ q(0pn)
− r¯2 E q(1pn)− 1
3
r¯3 E o(1pn)− 1
12
r¯4 E h(1pn)− 1
15
r¯4 Pm − 2
7
r¯4 Pq + 1
3
r¯4 Ph
]
+O(r¯5, 2pn), (7.4a)
gtr = −2
3
r¯3 E˙ q(0pn)− 1
6
r¯4 E˙ o(0pn) +O(r¯5, 2pn), (7.4b)
grr = 1 +
[
2M
r¯
− r¯2 E q(0pn)− 1
3
r¯3 E o(0pn)− 1
12
r¯4 E h(0pn)
]
+O(r¯5, 2pn), (7.4c)
gtA =
2
3
r¯3 BqA +
1
4
r¯4 BoA +
1
15
r¯5 BhA +O(r¯6, 2pn), (7.4d)
grA = 2pn, (7.4e)
gAB = r
2ΩAB + r
2ΩAB
[
2M
r¯
− r¯2 E q(0pn)− 1
3
r¯3 E o(0pn)− 1
12
r¯4 E h(0pn)
]
+O(r¯7, 2pn). (7.4f)
In gtt, the first set of terms within square brackets are of Newtonian (0pn) order, while the second set of terms are 1pn
corrections. It is understood that in the post-Newtonian terms, the tidal potentials Pm, Pq, and Ph are constructed
from Eab(0pn).
Conversion to Cartesian coordinates xa = r¯Ωa(θA) gives rise to the standard post-Newtonian form of the metric,
as given by Eqs. (7.1), with
U =
M
r¯
− 1
2
r¯2 E q(0pn)− 1
6
r¯3 E o(0pn)− 1
24
r¯4 E h(0pn) +O(r¯5), (7.5a)
Ψ− U2 = −M
2
r¯2
+Mr¯ E q(0pn) + 1
3
Mr¯2 E o(0pn) + 1
12
Mr¯3 E h(0pn)− 11
84
r¯4 E¨ q(0pn)
− 1
2
r¯2 E q(1pn)− 1
6
r¯3 E o(1pn)− 1
24
r¯4 E h(1pn)− 1
30
r¯4 Pm − 1
7
r¯4 Pq + 1
6
r¯4 Ph +O(r¯5), (7.5b)
Ua = −1
6
r¯2 Bqa −
1
16
r¯3 Boa −
1
60
r¯4 Bha +
1
6
r¯3Ωa E˙ q(0pn) + 1
24
r¯4Ωa E˙ o(0pn) +O(r¯5). (7.5c)
That the standard post-Newtonian form of the metric is recovered in our calculation is the reason for employing r¯
as a radial coordinate; this form would not be achieved in the original radial coordinate r. It should be noted that
in spite of our use of r¯, the coordinates xa are not harmonic: the potentials do not satisfy the harmonic condition
∂tU + ∂aU
a = 0. The reason for this, of course, is that the metric perturbation is presented in Regge-Wheeler gauge
instead of a harmonic gauge.
The square of the Newtonian potential U can be calculated with the help of the identity E qE q = 215Pm + 47Pq + Ph,
and this reveals that the post-Newtonian potential is given by
Ψ = −1
2
r¯2 E q(1pn)− 1
6
r¯3 E o(1pn)− 1
24
r¯4 E h(1pn)− 11
84
r¯4 E¨ q(0pn) + 5
12
r¯4 Ph +O(r¯5). (7.6)
Notice that Ψ does not involve Pm and Pq, which have cancelled out in these manipulations.
To obtain the final form of the potentials we insert the definitions of the tidal potentials in terms of the tidal
moments. This yields
U¯ =
M
r¯
− 1
2
E¯ab(0pn) x¯ax¯b − 1
6
E¯abc(0pn) x¯ax¯bx¯c − 1
12
E¯abcd(0pn) x¯ax¯bx¯cx¯d +O(r¯5), (7.7a)
U¯a = −1
6
apqx¯
pB¯qbx¯b −
1
12
apqx¯
pB¯qbcx¯bx¯c −
1
18
apqx¯
pB¯qbcdx¯bx¯cx¯d
+
1
6
x¯a
˙¯Ebc(0pn)x¯bx¯c + 1
24
x¯a
˙¯Ebcd(0pn)x¯bx¯cx¯d +O(r¯5), (7.7b)
Ψ¯ = −1
2
E¯ab(1pn) x¯ax¯b − 1
6
E¯abc(1pn) x¯ax¯bx¯c − 1
12
E¯abcd(1pn) x¯ax¯bx¯cx¯d
− 11
84
r¯2 ¨¯Eab(0pn)x¯ax¯b + 5
12
E¯〈abE¯cd〉(0pn)x¯ax¯bx¯cx¯d +O(r¯5). (7.7c)
We have placed overbars on the potentials, tidal moments, and coordinates in anticipation of the developments of
Sec. VIII; in this notation the tidal moments are functions of time t¯. The overbars indicate that the potentials,
tidal moments, and coordinates refer to the black hole’s reference frame, which is to be distinguished from the
post-Newtonian barycentric frame to be introduced below.
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It is straightforward to show that the potentials satisfy the post-Newtonian field equations
0 = ∇¯2U¯ , (7.8a)
0 = ∇¯2Ψ¯ + 3∂t¯t¯U¯ + 4∂t¯a¯U¯a, (7.8b)
0 = ∇¯2U¯a − ∂t¯a¯U¯ − ∂a¯b¯U¯ b. (7.8c)
These reduce to the standard post-Newtonian equations (Sec. 8.2 of Ref. [34]) when the potentials satisfy the harmonic
condition ∂t¯U¯ + ∂a¯U¯
a = 0.
VIII. MATCHING TO A POST-NEWTONIAN METRIC
The metric of a tidally deformed black hole was constructed in Secs. IV and V, and it was expressed in terms of
tidal moments E¯ab, E¯abc, E¯abcd, B¯ab, B¯abc, B¯abcd. (See the remark regarding the overbar at the end of Sec. VII.) The
tidal moments occur in the metric as freely specifiable functions of time, and these cannot be determined by solving
the Einstein field equations in a domain limited to the black hole’s immediate neighborhood. Their determination
must instead rely on matching the black-hole metric to another metric that incorporates all relevant information
regarding the black hole’s remote environment. We achieve this in this section, taking the black hole to be a member
of a post-Newtonian system containing any number of external bodies. In this treatment, the black hole’s internal
gravity is allowed to be strong, but the mutual gravity between black hole and external bodies is assumed to be
sufficiently weak to be adequately described by a post-Newtonian expansion of the metric. The matching between the
black-hole and post-Newtonian metrics will determine the tidal moments, which are calculated accurately through
the first post-Newtonian (1pn) approximation.
A. Barycentric potentials
The black hole is taken to be a member of a post-Newtonian system of gravitating bodies. The metric is given by
Eq. (7.1), in terms of harmonic coordinates (t, xa) attached to the system’s barycenter, and in terms of barycentric
potentials U , Uj , and Ψ. The post-Newtonian metric is valid in a domain that contains all bodies but leaves out a
sphere of radius r¯ M surrounding the black hole; this region is excluded because the black hole’s internal gravity is
too strong to be adequately captured by a post-Newtonian expansion. As illustrated in Fig. 1, there exists an overlap
region in which the black-hole metric of Sec. V and the post-Newtonian metric are both valid; the matching of the
metrics takes place in this region.
It is helpful to define new post-Newtonian potentials ψ and X by the relation Ψ = ψ + 12∂ttX. In the vacuum
region between bodies, the potentials satisfy the post-Newtonian field equations
∇2U = 0, ∇2Uj = 0, ∇2ψ = 0, ∇2X = 2U, (8.1)
as well as the harmonic condition
∂tU + ∂jU
j = 0. (8.2)
Each equation is linear, and a solution describing a black hole and a collection of external bodies can be obtained by
linear superposition. We model the black hole as a post-Newtonian monopole of mass M at position x = r(t) in the
barycentric frame. We let v := dr/dt be the black hole’s velocity vector, and a := dv/dt be its acceleration vector.
The potentials are written as
U(t,x) =
M
s
+ Uext(t,x), (8.3a)
U j(t,x) =
Mvj
s
+ U jext(t,x), (8.3b)
ψ(t,x) =
Mµ
s
+ ψext(t,x), (8.3c)
X(t,x) = Ms+Xext(t,x), (8.3d)
where s := |x− r| is the Euclidean distance between the black hole and a field point at x, while Uext, U jext, ψext, and
Xext are the potentials created by the external bodies; these separately satisfy the field equations of Eq. (8.1) and
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the harmonic condition of Eq. (8.2). The arbitrary function µ(t) represents a post-Newtonian correction to the mass
parameter. It cannot be determined by integrating the post-Newtonian field equations in a domain that excludes
the black hole, and must instead be obtained by matching the post-Newtonian metric with the black-hole metric of
Sec. V.
Inserting ψ and X in the expression for Ψ returns
Ψ(t,x) = −M
2s3
(v · s)2 + M
s
(
µ+
1
2
v2
)
− M
2s
a · s+ Ψext(t,x), (8.4)
where s := x− r, v2 := v · v, and Ψext := ψext + 12∂ttXext.
B. Transformation to the black-hole frame
The post-Newtonian metric of the preceding subsection was presented in coordinates (t, xa) attached to the barycen-
tric frame of the entire post-Newtonian system. On the other hand, the black-hole metric of Sec. V was presented in
coordinates (t¯, x¯a) that are attached to the black hole’s own reference frame, which is moving relative to the barycen-
tric frame. To match the metrics we must transform the post-Newtonian potentials to the coordinates (t¯, x¯a), and
compare the expressions with Eqs. (7.7).
The systems (t, xa) and (t¯, x¯a) are both compatible with the standard form of the post-Newtonian metric, and
the coordinate transformation relating two such systems is presented in Sec. 8.3 of Ref. [34] (a summary of work
previously carried out in Ref. [35]). It should be noted that while (t, xa) is a system of harmonic coordinates, the
(t¯, x¯a) coordinates are not harmonic. The transformation described in Ref. [34] applies to such situations, but the
reader should be warned that the summary of Box 8.2 refers strictly to two systems of harmonic coordinates.
The coordinate transformation is characterized by arbitrary functions A(t¯), Ha(t¯), Ra(t¯), and β(t¯, x¯a) in addition
to the black-hole position vector ra(t¯), here expressed as a function of the barred time coordinate. The transformation
is given by
t = t¯+
(
A+ vax¯
a
)
+ β + 3pn, xa = x¯a + ra +
(
Ha +Hab x¯
b +
1
2
Habc x¯
bx¯c
)
+ 2pn, (8.5)
where Hab := abcR
c + 12vavb− (A˙− 12v2)δab and Habc := −δabac− δacab + δbcaa, with va := dra/dt¯ and aa := dva/dt¯;
an overdot indicates differentiation with respect to t¯. The bracketed terms in the equation for t represent a 1pn
adjustment to the time coordinate that impacts the Newtonian potential U , while β represents a 2pn adjustment that
impacts the vector and post-Newtonian potentials. The bracketed terms in the equation for xa are of 1pn order. In
the following the acceleration vector is decomposed into Newtonian and post-Newtonian terms,
aa = aa(0pn) + aa(1pn) + 2pn; (8.6)
the acceleration that appears in Habc can be truncated at Newtonian order.
The transformed potentials U¯ , U¯ j , and Ψ¯, those of the black-hole frame, are expressed in terms of “hatted potentials”
Uˆ , Uˆ j , and Ψˆ, related to the original potentials U , U j , and Ψ by equations of the form
Uˆ(t¯, x¯) := U
(
t = t¯,x = x¯+ r(t¯)
)
; (8.7)
the hatted potentials are therefore equal to the original potentials evaluated at the time t¯ and position x¯+r. Because
of the time dependence contained in r(t¯), the time derivative of a hatted potential is related by
∂t¯Uˆ = ∂tU + v
a∂aU (8.8)
to derivatives of the original potential; it is understood that the right-hand side of this equation is evaluated at t = t¯
and xa = x¯a + ra(t¯). Spatial derivatives are related by ∂a¯Uˆ = ∂aU , where again the right-hand side is evaluated at
the new time and position.
By virtue of these differentiation rules, the harmonic condition satisfied by the hatted potentials takes the form
∂t¯Uˆ − va∂a¯Uˆ + ∂a¯Uˆa = 0. (8.9)
The field equations satisfied by the Newtonian and vector potentials become
∇¯2Uˆ = 0, ∇¯2Uˆ j = 0, (8.10)
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while the field equation satisfied by Ψ, ∇2Ψ− ∂ttU = 0, takes the new form
∇¯2Ψˆ− ∂t¯t¯Uˆ + 2va∂t¯a¯Uˆ + aa∂a¯Uˆ − vavb∂a¯b¯Uˆ = 0. (8.11)
We recall that the harmonic condition and the field equations are satisfied separately by the external potentials Uˆext,
Uˆ jext, and Ψˆext.
We take advantage of the large separation between the black hole and all external bodies to express each external
potential as a Taylor expansion about x¯a = 0. We write, for example,
Uˆext(t¯, x¯) = Uˆext(t¯,0) + x¯
a ∂a¯Uˆext(t¯,0) +
1
2
x¯ax¯b ∂a¯b¯Uˆext(t¯,0) +
1
6
x¯ax¯bx¯c ∂a¯b¯c¯Uˆext(t¯,0)
+
1
24
x¯ax¯bx¯cx¯d ∂a¯b¯c¯d¯Uˆext(t¯,0) +O(r¯
5), (8.12)
where r¯ := |x¯|. In all equations that appear below, the external potentials and their derivatives shall be evaluated
at x¯a = 0. In a similar way we express the function β that appears in the coordinate transformation as a Taylor
expansion of the form
β(t¯, x¯) = 0β(t¯) + 1βa(t¯) x¯
a +
1
2
2βab(t¯) x¯
ax¯b +
1
6
3βabc(t¯) x¯
ax¯bx¯c +
1
24
4βabcd(t¯) x¯
ax¯bx¯cx¯d +O(r¯5), (8.13)
in which the expansion coefficients are fully symmetric tensors; the number that appears before each tensor symbol
indicates the associated power of r¯ in the expansion.
With all these ingredients in place, a long but straightforward computation reveals that the equations listed in
Secs. 8.3.2 and 8.3.3 of Ref. [34] become
U¯ =
M
r¯
+ 0U¯ + 1U¯a x¯
a +
1
2
2U¯ab x¯
ax¯b +
1
6
3U¯abc x¯
ax¯bx¯c +
1
24
4U¯abcd x¯
ax¯bx¯cx¯d +O(r¯5), (8.14a)
U¯j = 0U¯j + 1U¯ja x¯
a +
1
2
2U¯jab x¯
ax¯b +
1
6
3U¯jabc x¯
ax¯bx¯c +
1
24
4U¯jabcd x¯
ax¯bx¯cx¯d +O(r¯5), (8.14b)
Ψ¯ = −M
r¯3
Fax¯
a +
M
r¯
(A˙− 2v2 + µ) + 0Ψ¯ + 1Ψ¯a x¯a + 1
2
2Ψ¯ab x¯
ax¯b +
1
6
3Ψ¯abc x¯
ax¯bx¯c
+
1
24
4Ψ¯abcd x¯
ax¯bx¯cx¯d +O(r¯5), (8.14c)
where Fa := Ha −Ava and the remaining expansion coefficients are given by
0U¯ = Uˆext − A˙+ 1
2
v2, (8.15a)
1U¯a = ∂a¯Uˆext − aa(0pn), (8.15b)
2U¯ab = ∂a¯b¯Uˆext, (8.15c)
3U¯abc = ∂a¯b¯c¯Uˆext, (8.15d)
4U¯abcd = ∂a¯b¯c¯d¯Uˆext, (8.15e)
4 0U¯j = 4Pˆj + (2A˙− v2)vj − H˙j + jpqvpRq + 1βj , (8.16a)
4 1U¯ja = 4∂a¯Pˆj +
3
2
vjaa +
1
2
ajva + (A¨− 2vpap)δja − japR˙p + 2βja, (8.16b)
4 2U¯jab = 4∂a¯b¯Pˆj + 2δj(aa˙b) − δaba˙j + 3βjab, (8.16c)
4 3U¯jabc = 4∂a¯b¯c¯Pˆj + 4βjabc, (8.16d)
4 4U¯jabcd = 4∂a¯b¯c¯d¯Pˆj + 5βjabcd, (8.16e)
with Pˆj := Uˆ
ext
j − vjUˆ ext and aa ≡ aa(0pn), and
0Ψ¯ = Pˆ +A∂t¯Uˆext + F
p∂p¯Uˆext +
1
2
A˙2 − A˙v2 + 1
4
v4 + H˙pv
p − 0β˙, (8.17a)
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1Ψ¯a = ∂a¯Pˆ +A∂t¯a¯Uˆext + va∂t¯Uˆext + F
p∂p¯a¯Uˆext +
(
A˙− 1
2
v2
)[
aa(0pn)− ∂a¯Uˆext
]− 1
2
vav
p∂p¯Uˆext
+ pqaR
p∂ q¯Uˆext − aa(1pn)−
[
A¨− 3
2
vpa
p(0pn)
]
va − apqvpR˙q − 1β˙a, (8.17b)
2Ψ¯ab = ∂a¯b¯Pˆ +A∂t¯a¯b¯Uˆext + 2v(a∂t¯b¯)Uˆext + F
p∂p¯a¯b¯Uˆext − 2
(
A˙− 1
2
v2
)
∂a¯b¯Uˆext − vpv(a∂b¯)p¯Uˆext
+ 2pq(aR
p∂ q¯
b¯)
Uˆext − 2a(a(0pn)∂b¯)Uˆext + δab ap(0pn)∂p¯Uˆext + aa(0pn)ab(0pn)
− 2v(aa˙b)(0pn) + δab vpa˙p(0pn)− 2β˙ab, (8.17c)
3Ψ¯abc = ∂a¯b¯c¯Pˆ +A∂t¯a¯b¯c¯Uˆext + 3v(a∂t¯b¯c¯)Uˆext + F
p∂p¯a¯b¯c¯Uˆext − 3
(
A˙− 1
2
v2
)
∂a¯b¯c¯Uˆext −
3
2
vpv(a∂b¯c¯)p¯Uˆext
+ 3pq(aR
p∂ q¯
b¯c¯)
Uˆext − 6a(a(0pn)∂b¯c¯)Uˆext + 3δ(ab ap(0pn)∂c¯)p¯Uˆext − 3β˙abc, (8.17d)
4Ψ¯abcd = ∂a¯b¯c¯d¯Pˆ +A∂t¯a¯b¯c¯d¯Uˆext + 4v(a∂t¯b¯c¯d¯)Uˆext + F
p∂p¯a¯b¯c¯d¯Uˆext − 4
(
A˙− 1
2
v2
)
∂a¯b¯c¯d¯Uˆext − 2vpv(a∂b¯c¯d¯)p¯Uˆext
+ 4pq(aR
p∂ q¯
b¯c¯d¯)
Uˆext − 12a(a(0pn)∂b¯c¯d¯)Uˆext + 6δ(ab ap(0pn)∂c¯d¯)p¯Uˆext − 4β˙abcd, (8.17e)
with Pˆ := Ψˆext − 4vpUˆpext + 2v2Uˆext. As stated previously, it is understood that all external potentials and their
derivatives are evaluated at x¯a = 0.
C. Matching
The potentials of Eq. (8.14) are the barycentric potentials transformed to the black-hole frame, and they must agree
with the potentials of Eq. (7.7), obtained in the post-Newtonian expansion of the black-hole metric. A precise match
between the expressions shall reveal the details of the coordinate transformation, the identity of the metric function
µ(t¯), and the tidal moments.
The Newtonian potentials match at order r¯−1, and a match at order r¯0 implies
A˙ = Uˆext +
1
2
v2. (8.18)
A match at order r¯1 further reveals that aa(0pn) = ∂a¯Uˆ
ext. Examining now the post-Newtonian potentials Ψ¯, a
match at order r¯−3 implies that Fa = 0, so that Ha = Ava. A match at order r¯−1 further produces µ = 32v
2 − Uˆext.
A match at order r¯0 then yields
0β˙ = Ψˆext − 4vpUˆpext +
1
2
Uˆ2ext +
5
2
v2Uˆext +
3
8
v4 +A
[
∂t¯Uˆext + vpa
p(0pn)
]
. (8.19)
Turning next to the vector potentials U¯j , a match at order r¯
0 reveals that
1βa = −4Uˆ exta +
(
3Uˆext +
1
2
v2
)
va +Aaa(0pn)− apqvqRq. (8.20)
A match at order r¯1 produces
4∂b¯Pˆa +
3
2
vaab(0pn) +
1
2
aa(0pn)vb − δab ∂p¯Uˆpext − abpR˙p + 2βab = 0 (8.21)
after making use of the harmonic condition of Eq. (8.9). Taking the symmetric part of this equation yields
2βab = −4∂(a¯Uˆ extb) + 2v(aab)(0pn) + δab ∂p¯Uˆpext, (8.22)
while taking the antisymmetric part implies
abpR˙
p = −4∂[a¯Uˆ extb] − 3v[aab](0pn). (8.23)
Returning to Ψ¯, we find that a match at order r¯1 requires
aa(1pn) = ∂a¯Ψˆext − 4vp∂a¯Uˆpext + 4∂t¯Uˆ exta + (v2 − 4Uˆext)aa(0pn)−
[
3∂t¯Uˆext + vpa
p(0pn)
]
va. (8.24)
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At this stage the acceleration of the black hole in the barycentric frame, aa = aa(0pn) + aa(1pn), is determined, and
some important details of the coordinate transformation are provided by Eqs. (8.18) and (8.23).
We next match the terms in the potentials that occur at order r¯2 and beyond. The Newtonian potential returns
E¯ab(0pn) = −∂a¯b¯Uˆext, E¯abc(0pn) = −∂a¯b¯c¯Uˆext, 2E¯abcd(0pn) = −∂a¯b¯c¯d¯Uˆext, (8.25)
where (as stated previously) the hatted potentials are evaluated at x¯a = 0 after differentiation.
From the vector potential at order r¯2 we get the matching condition
− 2
3
(
 pja B¯pb +  pjb B¯pa
)
= 4∂a¯b¯Pˆj + δjaa˙b + δjba˙a − δaba˙j + 3βjab, (8.26)
in which aa ≡ aa(0pn) — the same shorthand will be employed in all equations below. To extract the consequences
of this equation we decompose 3βjab into irreducible pieces according to Eq. (A1b), and the remaining terms of the
right-hand side are decomposed according to Eq. (A2). Equating all this with the left-hand side reveals that
3β〈abc〉 = −4∂〈a¯b¯
(
Uˆ extc〉 − vc〉Uˆ ext
)
, 3βa = a˙a, (8.27)
and
B¯ab = 2pq(a∂b¯)p¯
(
Uˆ extq − vqUˆ ext
)
. (8.28)
To arrive at these results we made use of the harmonic condition of Eq. (8.9) and the field equations (8.10). At the
next order we get
− 2
3
(
 pja B¯pbc +  pjc B¯pab +  pjb B¯pca
)
+
4
3
(
δja
˙¯Ebc + δjc ˙¯Eab + δjb ˙¯Eca
)
= 4∂a¯b¯c¯Pˆj + 4βjabc, (8.29)
and we decompose 4βjabc according to Eq. (A1c), and 4∂a¯b¯c¯Pˆj according to Eq. (A4). After simplifying the results
with the harmonic condition, the field equations, and Eq. (8.25), we arrive at
4β〈abcd〉 = −4∂〈a¯b¯c¯
(
Uˆ extd〉 − vd〉Uˆ ext
)
, 4β〈ab〉 =
8
3
˙¯Eab, 4β = 0, (8.30)
and
B¯abc = 3
2
pq(a∂b¯c¯)p¯
(
Uˆ extq − vqUˆ ext
)
. (8.31)
Matching the vector potentials at order r¯4 produces
− 4
3
(
 pja B¯pbcd+ pjd B¯pabc+ pjc B¯pdab+ pjb B¯pcda
)
+
(
δja
˙¯Ebcd+δjd ˙¯Eabc+δjc ˙¯Edab+δjb ˙¯Ecda
)
= 4∂a¯b¯c¯d¯Pˆj+5βjabcd. (8.32)
After decomposing 5βjabcd according to Eq. (A1d), 4∂a¯b¯c¯d¯Pˆj according to Eq. (A4), and simplifying, we arrive at
5β〈abcde〉 = −4∂〈a¯b¯c¯d¯
(
Uˆ exte〉 − ve〉Uˆ ext
)
, 5β〈abc〉 = 2 ˙¯Eabc, 5βa = 0 (8.33)
and
B¯abcd = 3
5
pq(a∂b¯c¯d¯)p¯
(
Uˆ extq − vqUˆ ext
)
. (8.34)
At this stage the gravitomagnetic tidal moments are all determined, as well as the details of the coordinate transfor-
mation contained in the function β(t¯, x¯).
We finally return to the post-Newtonian potential. Matching at order r¯2 implies that
E¯ab(1pn) = −∂a¯b¯Pˆ − 2Uˆext E¯ab − v(aE¯b)pvp + aaab − δab
(
a2 + vpa˙
p
)
+ 2β˙ab +A
˙¯Eab + 2pq(aRpE¯qb), (8.35)
where Pˆ := Ψˆext − 4vpUˆpext + 2v2Uˆext, aa ≡ aa(0pn), and E¯ab ≡ E¯ab(0pn) on the right-hand side of the equation — a
similar shorthand will be employed in all equations below. Making use of Eq. (8.22) and decomposing all tensors into
irreducible pieces, we arrive at
E¯ab(1pn) = −∂〈a¯b¯〉Pˆ − 4∂t¯〈a¯Uˆ extb〉 − 2Uˆext E¯ab − v〈aE¯b〉pvp + 3a〈aab〉 + 2v〈aa˙b〉 +A ˙¯Eab + 2pq(aRpE¯qb). (8.36)
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At order r¯3 we get
E¯abc(1pn) = −∂a¯b¯c¯Pˆ+3v(a ˙¯Ebc)−3Uˆext E¯abc−
3
2
v(aE¯bc)pvp−6a(aE¯bc)+3δ(abE¯c)pap+3β˙abc+A ˙¯Eabc+3pq(aRpE¯qbc), (8.37)
and substitution of Eq. (8.27) and decomposition into irreducible pieces yields
E¯abc(1pn) = −∂〈a¯b¯c¯〉Pˆ − 4∂t¯〈a¯b¯Uˆ extc〉 − v〈a ˙¯Ebc〉 − 10a〈aE¯bc〉 − 3Uˆext E¯abc −
3
2
v〈aE¯bc〉pvp +A ˙¯Eabc + 3pq(aRpE¯qbc). (8.38)
At order r¯4 the matching condition is
2E¯abcd(1pn) + 11
21
(
δab
¨¯Ecd + all symmetric permutations
)− 10E¯〈abE¯cd〉 = −∂a¯b¯c¯d¯Pˆ + 4v(a ˙¯Ebcd) − 8Uˆext E¯abcd
− 4v(aE¯bcd)pvp − 12a(aE¯bcd) + 6δ(abE¯cd)pap + 4β˙abcd + 2A ˙¯Eabcd + 8pq(aRpE¯qbcd), (8.39)
and this yields
2E¯abcd(1pn) = −∂〈a¯b¯c¯d¯〉Pˆ − 4∂t¯〈a¯b¯c¯Uˆ extd〉 + 10E¯〈abE¯cd〉 − 16a〈aE¯bcd〉
− 8Uˆext E¯abcd − 4v〈aE¯bcd〉pvp + 2A ˙¯Eabcd + 8pq(aRpE¯qbcd) (8.40)
after substituting Eq. (8.30) and decomposing all terms into irreducible pieces. At this stage the gravitoelectric tidal
moments are all determined, and the matching procedure has come to a close.
D. Barycentric tidal moments
The tidal moments obtained in the preceding subsection are defined in the black-hole frame (t¯,xa). For our purposes
in Sec. IX, it is convenient to follow Racine and Flanagan [35] and introduce barycentric versions of these moments.
We do so with the transformations
Eab(t) :=M ja (t¯)M kb (t¯) E¯jk(t¯), (8.41a)
Eabc(t) :=M ja (t¯)M kb (t¯)M mc (t¯) E¯jkm(t¯), (8.41b)
Eabcd(t) :=M ja (t¯)M kb (t¯)M mc (t¯)M nd (t¯) E¯jkmn(t¯), (8.41c)
as well as similar ones relating Bab···(t) to B¯ab···(t¯). The transformation matrix is defined by
Maj(t¯) := δaj + ajpRp(t¯) + 2pn, (8.42)
with Rp determined by Eq. (8.23). Because the tidal moments are tensors defined at x¯a = 0, the relation between the
time coordinates is given by
t = t¯+A(t¯) + 2pn, (8.43)
with A determined by Eq. (8.18).
We apply Eq. (8.41) to the tidal moments obtained previously, and express the results in terms of the original
potentials U , Uj , and Ψ (instead of the hatted ones). Recalling the differentiation rule of Eq. (8.8), we find that the
barycentric version of the gravitoelectric tidal moments are given by
Eab = Eab(0pn) + Eab(1pn) + 2pn, (8.44a)
Eab(0pn) = −∂abUext, (8.44b)
Eab(1pn) = −∂〈ab〉Ψext − 4∂t〈aU extb〉 + 4
(
∂〈ab〉U extp − ∂p〈aU extb〉
)
vp + 2(v2 − Uext)Eab
− v〈aEb〉pvp + 3a〈aab〉 + 2v〈aa˙b〉, (8.44c)
Eabc = Eabc(0pn) + Eabc(1pn) + 2pn, (8.45a)
Eabc(0pn) = −∂abcUext, (8.45b)
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Eabc(1pn) = −∂〈abc〉Ψext − 4∂t〈abU extc〉 + 4
(
∂〈abc〉U extp − ∂p〈abU extc〉
)
vp + (2v2 − 3Uext)Eabc
− 3
2
v〈aEbc〉pvp − v〈aE˙bc〉 − 10a〈aEbc〉, (8.45c)
and
Eabcd = Eabcd(0pn) + Eabcd(1pn) + 2pn, (8.46a)
2Eabcd(0pn) = −∂abcdUext, (8.46b)
2Eabcd(1pn) = −∂〈abcd〉Ψext − 4∂t〈abcU extd〉 + 4
(
∂〈abcd〉U extp − ∂p〈abcU extd〉
)
vp + 4(v2 − 2Uext)Eabcd
− 4v〈aEbcd〉pvp − 16a〈aEbcd〉 + 10E〈abEcd〉. (8.46c)
The external potentials are evaluated at xa = ra(t) after differentiation, and it is understood that in the expressions
for the post-Newtonian terms, aa ≡ aa(0pn) = ∂aUext, Eab ≡ Eab(0pn), and so on.
Because the gravitomagnetic moments are quantities of 1pn order, the transformations analogous to those of
Eq. (8.41) have a trivial effect on them. The barycentric version of these moments are therefore given by
Bab = 2pq(a∂b)p
(
U extq − vqU ext
)
, (8.47a)
Babc = 3
2
pq(a∂bc)p
(
U extq − vqU ext
)
, (8.47b)
Babcd = 3
5
pq(a∂bcd)p
(
U extq − vqU ext
)
. (8.47c)
Here also the external potentials are evaluated at xa = ra(t) after differentiation.
IX. TIDAL MOMENTS FOR A TWO-BODY SYSTEM
The tidal moments obtained in Sec. VIII are expressed in terms of generic external potentials that could describe
any post-Newtonian spacetime. In this section we specialize them to the specific case in which the black hole is a
member of a two-body system.
A. External potentials
We take the spacetime to contain a body of mass M2 at position r2(t) in addition to the black hole. We let
v2(t) := dr2/dt and a2(t) := dv2/dt. We refine the notation employed in Sec. VIII: the black hole’s mass shall
again be denoted M1 instead of M , and its position in the barycentric frame shall be r1(t) instead of r; we also set
v1(t) := dr1/dt (previously v) and a1(t) := dv1/dt (previously a).
We take the external body to be another post-Newtonian monopole, and write the external potentials as
Uext =
M2
s
, U jext =
M2v
j
2
s
, ψext =
M2µ2
s
, Xext = M2s, (9.1)
where s now stands for |x − r2|, the Euclidean distance between the field point x and the external body. We recall
that Ψext = ψext +
1
2∂ttXext. According to our findings in Sec. VIII C, the post-Newtonian correction to the mass
parameter is given by µ2 =
3
2v
2
2 −M1/b, where b is the inter-body distance.
We let b := r1 − r2 be the separation between bodies, b := |b|, and n := b/b is a unit vector directed from the
external body to the black hole. The relative velocity is v := v1 − v2, and b˙ = v · n is its radial component. The
post-Newtonian equations of motion imply that a1 = −(M2/b2)n+ 1pn and a2 = (M1/b2)n+ 1pn. They also imply
that v1 = q2v + 1pn and v2 = −q1v + 1pn, where
q1 :=
M1
M1 +M2
, q2 :=
M2
M1 +M2
(9.2)
are the mass ratios, constrained by the identity q1 + q2 = 1.
The various derivatives of the external potentials are evaluated with the help of results collected in Appendix B.
The position x is set equal to r1 after differentiation, and in this limit the vector s := x − r2 becomes b; similarly,
sˆ → n and s → b. The equations of motion are used to eliminate the accelerations a1 and a2 from all expressions,
and to express the velocities v1 and v2 in terms of the relative velocity v.
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B. Barycentric tidal moments
A long but straightforward calculation returns
Eab = Eab(0pn) + Eab(1pn) + 2pn, (9.3a)
Eab(0pn) = −3M2
b3
n〈ab〉, (9.3b)
Eab(1pn) = −3M2
b3
{[
2v2 − 5
2
q21 b˙
2 − 1
2
(6− q1)M
b
]
n〈ab〉 − (3− q21) b˙ v〈anb〉 + v〈avb〉
}
, (9.3c)
Eabc = Eabc(0pn) + Eabc(1pn) + 2pn, (9.4a)
Eabc(0pn) = 15M2
b4
n〈abc〉, (9.4b)
Eabc(1pn) = 15M2
b4
{[
2v2 − 7
2
q21 b˙
2 − (5− 3q1)M
b
]
n〈abc〉 − 1
2
(5− 3q21) b˙ v〈anbnc〉 + v〈avbnc〉
}
, (9.4c)
Eabcd = Eabcd(0pn) + Eabcd(1pn) + 2pn, (9.5a)
Eabcd(0pn) = −105
2
M2
b5
n〈abcd〉, (9.5b)
Eabcd(1pn) = −15
2
M2
b5
{[
14v2 − 63
2
q21 b˙
2 − 25
2
(4− 3q1)M
b
]
n〈abcd〉 − 14(1− q21) b˙ v〈anbncnd〉 + 6v〈avbncnd〉
}
(9.5c)
for the barycentric version of the gravitoelectric tidal moments, where n〈ab···c〉 is shorthand for n〈anb · · ·nc〉. The
gravitomagnetic moments are given by
Bab = −6M2
b3
pq(anb)n
pvq, (9.6a)
Babc = 45
2
M2
b4
pq(a
(
nbnc) − 1
5
δbc)
)
npvq, (9.6b)
Babcd = −63M2
b5
pq(a
(
nbncnd) − 3
7
δbcnd)
)
npvq. (9.6c)
Alternative expressions are obtained if the relative velocity vector is decomposed according to
v = b˙n+ v⊥ λ, (9.7)
in terms of radial and perpendicular components; λ is a unit vector orthogonal to n. We recall that the post-
Newtonian motion takes place in a fixed orbital plane, with a vanishing normal component for the velocity. The tidal
moments become
Eab(1pn) = 3M2
b3
{[
3
2
q21 b˙
2 − 2v2⊥ +
1
2
(6− q1)M
b
]
n〈ab〉 + (1− q21) b˙v⊥ λ〈anb〉 − v2⊥λ〈aλb〉
}
, (9.8a)
Eabc(1pn) = 15M2
b4
{[
1
2
(1− 4q21) b˙2 + 2v2⊥ − (5− 3q1)
M
b
]
n〈abc〉 − 1
2
(1− 3q21) b˙v⊥ λ〈anbnc〉 + v2⊥λ〈aλbnc〉
}
, (9.8b)
Eabcd(1pn) = −15
2
M2
b5
{[
1
2
(12− 35q21) b˙2 + 14v2⊥ −
25
2
(4− 3q1)M
b
]
n〈abcd〉
− 2(1− 7q21) b˙v⊥ λ〈anbncnd〉 + 6v2⊥λ〈aλbncnd〉
}
(9.8c)
and
Bab = −6M2v⊥
b3
pq(anb)n
pλq, (9.9a)
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Babc = 45
2
M2v⊥
b4
pq(a
(
nbnc) − 1
5
δbc)
)
npλq, (9.9b)
Babcd = −63M2v⊥
b5
pq(a
(
nbncnd) − 3
7
δbcnd)
)
npλq. (9.9c)
The tidal moments in the black-hole frame are obtained by inverting the transformation of Eqs. (8.41), (8.42), and
(8.43). Making the relevant substitutions in Eq. (8.18), we find that A is determined by
dA
dt
=
1
2
(1− q1)2
(
b˙2 + v2⊥
)
+ (1− q1)M
b
, (9.10)
and
dRa
dt
= −1
2
(1− q1)(3 + q1)Mv⊥
b2
abcn
bλc (9.11)
follows from Eq. (8.23).
C. Circular motion
Setting b˙ = 0 specializes the motion to a circular orbit with b = constant. The equations of motion imply (see, for
example, Sec. 10.1.2 of Ref. [34])
V ≡ v⊥ =
√
M
b
[
1− 1
2
(3− q1q2)M
b
+ 2pn
]
, (9.12)
and this equation reveals that M/b = V 2 + 1pn. Making the substitutions within Eqs. (9.8) produces
Eab(1pn) = 3M2V
2
b3
[
1
2
(2− q1)n〈ab〉 − λ〈aλb〉
]
, (9.13a)
Eabc(1pn) = −15M2V
2
b4
[
3(1− q1)n〈abc〉 − λ〈aλbnc〉
]
, (9.13b)
Eabcd(1pn) = 15
2
M2V
2
b5
[
1
2
(72− 75q1)n〈abcd〉 − 6λ〈aλbncnd〉
]
. (9.13c)
The equations (9.9) stay unchanged.
In the case of a circular orbit the basis vectors can be given the explicit representation
n = [cos(ωt), sin(ωt), 0], λ = [− sin(ωt), cos(ωt), 0], (9.14)
where
ω :=
V
b
=
√
M
b3
[
1− 1
2
(3− q1q2)M
b
+ 2pn
]
(9.15)
is the orbital angular velocity in the barycentric frame. It is useful to complete the vector basis with
` := [0, 0, 1], (9.16)
a unit vector normal to the orbital plane.
Equations (9.10) and (9.11) become
dA
dt
=
1
2
(1− q1)(3− q1)V 2, dR
a
dt
= −1
2
(1− q1)(3 + q1)
√
M
b3
V 2 `a (9.17)
in the case of circular motion. The equations integrate to
A = kt, k =
1
2
(1− q1)(3− q1)V 2 (9.18)
and
Ra = −Ωt `a, Ω := 1
2
(1− q1)(3 + q1)
√
M
b3
V 2, (9.19)
with Ω denoting the precessional angular velocity of the black-hole frame relative to the barycentric frame.
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D. Transformation to the black-hole frame
The transformation from the barycentric frame of the post-Newtonian spacetime to the black hole’s moving frame
is effected by inverting Eqs. (8.41), (8.42), and (8.43). Under the inverse transformation, a vector pa(t) defined in the
barycentric frame becomes
p¯a(t¯) =
[M−1(t)] j
a
pj(t) (9.20)
in the black-hole frame, with [M−1(t)]
aj
= δaj − ajpRp(t) + 2pn (9.21)
and t¯ = t−A(t) + 2pn. In the case of circular motion, Eqs. (9.18) and (9.19) imply that the transformation takes the
form of
p¯ = p− (Ωt) `× p, (9.22)
with t = (1 + k)t¯ inserted onto the right-hand side. Applying this rule to our vectorial basis yields
n¯ = n− (Ωt)λ, λ¯ = λ+ (Ωt)n, ¯`= `. (9.23)
With the representation of Eqs. (9.14) and (9.16), and with Ω recognized as a post-Newtonian correction to the
angular velocity ω, we have that
n¯ = [cos(ω¯t¯), sin(ω¯t¯), 0], λ¯ = [− sin(ω¯t¯), cos(ω¯t¯), 0], ¯`= [0, 0, 1], (9.24)
where ω¯ = (1 + k)ω − Ω, or
ω¯ =
√
M
b3
[
1− 1
2
(3 + q1q2)V
2 + 2pn
]
. (9.25)
This is the angular frequency of the tidal field as measured in the black-hole frame. It differs from ω, the orbital
angular velocity in the barycentric frame, because of the mismatch in the time coordinates (measured by k), and also
because of the relative precession of the two frames (measured by Ω).
The tidal moments in the black-hole frame are obtained directly from the barycentric moments by replacing n with
n¯, and λ with λ¯. In this transcription, however, we shall also take the opportunity to modify our convention for
the basis vectors. We recall that n is proportional to r1 − r2, and is therefore directed from the external body to
the black hole. In the black-hole frame it is convenient to reverse this direction, and we therefore let n¯ → −n¯ in
our expressions for the tidal moments. Similarly, we recall λ is proportional to v1 − v2, and choose to reverse this
direction as well by letting λ¯→ −λ¯.
With these changes accounted for, we find that the tidal moments in the black-hole frame are given by
E¯ab = E¯ab(0pn) + E¯ab(1pn) + 2pn, (9.26a)
E¯ab(0pn) = −3M2
b3
n¯〈ab〉, (9.26b)
E¯ab(1pn) = 3M2V
2
b3
[
1
2
(2− q1)n¯〈ab〉 − λ¯〈aλ¯b〉
]
, (9.26c)
(9.26d)
E¯abc = E¯abc(0pn) + E¯abc(1pn) + 2pn, (9.27a)
E¯abc(0pn) = −15M2
b4
n¯〈abc〉, (9.27b)
E¯abc(1pn) = 15M2V
2
b4
[
3(1− q1)n¯〈abc〉 − λ¯〈aλ¯bn¯c〉
]
, (9.27c)
(9.27d)
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E¯abcd = E¯abcd(0pn) + E¯abcd(1pn) + 2pn, (9.28a)
E¯abcd(0pn) = −105
2
M2
b5
n¯〈abcd〉, (9.28b)
E¯abcd(1pn) = 15
2
M2V
2
b5
[
1
2
(72− 75q1)n¯〈abcd〉 − 6λ¯〈aλ¯bn¯cn¯d〉
]
. (9.28c)
and
B¯ab = 6M2V
b3
pq(an¯b)n¯
pλ¯q, (9.29a)
B¯abc = 45
2
M2V
b4
pq(a
(
n¯bn¯c) − 1
5
δbc)
)
n¯pλ¯q, (9.29b)
B¯abcd = 63M2V
b5
pq(a
(
n¯bn¯cn¯d) − 3
7
δbcn¯d)
)
n¯pλ¯q. (9.29c)
E. Harmonic components of the tidal moments
The harmonic components of the tidal moments are defined in Tables III and IV. Making use of Eqs. (9.26), (9.27),
(9.28), and (9.29), we find that in the case of circular motion, the nonvanishing components are
E¯ q0 = −
1
2
M2
b3
[
1 +
1
2
q1V
2 + 2pn
]
, (9.30a)
E¯ q2c = −
3
2
M2
b3
[
1 +
1
2
(q1 − 4)V 2 + 2pn
]
cos(2ω¯t¯), (9.30b)
E¯ q2s = −
3
2
M2
b3
[
1 +
1
2
(q1 − 4)V 2 + 2pn
]
sin(2ω¯t¯), (9.30c)
E¯ o1c = −
3
2
M2
b4
[
1 +
1
3
(9q1 − 8)V 2 + 2pn
]
cos(ω¯t¯), (9.31a)
E¯ o1s = −
3
2
M2
b4
[
1 +
1
3
(9q1 − 8)V 2 + 2pn
]
sin(ω¯t¯), (9.31b)
E¯ o3c = −
15
4
M2
b4
[
1 + (3q1 − 4)V 2 + 2pn
]
cos(3ω¯t¯), (9.31c)
E¯ o3s = −
15
4
M2
b4
[
1 + (3q1 − 4)V 2 + 2pn
]
sin(3ω¯t¯), (9.31d)
E¯ h0 = −
9
4
M2
b5
[
1 +
1
14
(75q1 − 68)V 2 + 2pn
]
, (9.32a)
E¯ h2c = −
15
2
M2
b5
[
1 +
3
14
(25q1 − 24)V 2 + 2pn
]
cos(2ω¯t¯), (9.32b)
E¯ h2s = −
15
2
M2
b5
[
1 +
3
14
(25q1 − 24)V 2 + 2pn
]
sin(2ω¯t¯), (9.32c)
E¯ h4c = −
105
8
M2
b5
[
1 +
3
14
(25q1 − 28)V 2 + 2pn
]
cos(4ω¯t¯), (9.32d)
E¯ h4s = −
105
8
M2
b5
[
1 +
3
14
(25q1 − 28)V 2 + 2pn
]
sin(4ω¯t¯), (9.32e)
and
B¯q1c = 3
M2V
b3
cos(ω¯t¯), (9.33a)
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B¯q1s = 3
M2V
b3
sin(ω¯t¯), (9.33b)
B¯o0 = 3
M2V
b4
, (9.34a)
B¯o2c = 5
M2V
b4
cos(2ω¯t¯), (9.34b)
B¯o2s = 5
M2V
b4
sin(2ω¯t¯), (9.34c)
B¯h1c =
45
4
M2V
b5
cos(ω¯t¯), (9.35a)
B¯h1s =
45
4
M2V
b5
sin(ω¯t¯), (9.35b)
B¯h3c =
105
8
M2V
b5
cos(3ω¯t¯), (9.35c)
B¯h3s =
105
8
M2V
b5
sin(3ω¯t¯). (9.35d)
The harmonic components of the gravitoelectric moments can be substituted within the tidal potentials introduced
in Sec. III. With Ω¯a = [sin θ¯ cos φ¯, sin θ¯ sin φ¯, cos θ¯], we have that
E¯ q := E¯abΩ¯aΩ¯b = 1
2
M2
b3
[
1 +
1
2
q1V
2 + 2pn
]
(3 cos2 θ¯ − 1)− 3
2
M2
b3
[
1 +
1
2
(q1 − 4)V 2 + 2pn
]
sin2 θ¯ cos(2ψ¯), (9.36a)
E¯ o := E¯abcΩ¯aΩ¯bΩ¯c = 9
4
M2
b4
[
1 +
1
3
(9q1 − 8)V 2 + 2pn
]
sin θ¯(5 cos2 θ¯ − 1) cos(ψ¯)
− 15
4
M2
b4
[
1 + (3q1 − 4)V 2 + 2pn
]
sin3 θ¯ cos(3ψ¯), (9.36b)
E¯ h := E¯abcdΩ¯aΩ¯bΩ¯cΩ¯d = − 9
16
M2
b5
[
1 +
1
14
(75q1 − 68)V 2 + 2pn
]
(35 cos4 θ¯ − 30 cos2 θ¯ + 3)
+
15
4
M2
b5
[
1 +
3
14
(25q1 − 24)V 2 + 2pn
]
sin2 θ¯(7 cos2 θ¯ − 1) cos(2ψ¯),
− 105
16
M2
b5
[
1 +
3
14
(25q1 − 28)V 2 + 2pn
]
sin4 θ¯ cos(4ψ¯), (9.36c)
where ψ¯ := φ¯− ω¯t¯.
X. GEOMETRY OF A TIDALLY DEFORMED HORIZON
The induced metric on the event horizon of a tidally deformed black hole was constructed in Sec. IV B of Ref. [30]
— refer to their Eq. (4.3). This metric is expressed in terms of tidal moments defined in a “horizon calibration” that
differs from the “post-Newtonian calibration” adopted in this work. The transformation between these calibrations
was detailed in Sec. VI, and Eqs. (6.3) reveal that the tidal moments are identical up to corrections of order v3 and
beyond,
Eab(H) = Eab(PN) + 1.5pn, Eabc(H) = Eabc(PN) + 1.5pn, (10.1)
and
Bab(H) = Bab(PN) + 1.5pn, Babc(H) = Babc(PN) + 1.5pn. (10.2)
These corrections are of no concern in the determination of the horizon’s geometry through 1pn order. We recall that
Eabcd and Babcd have a fixed calibration, and are therefore the same in the horizon and post-Newtonian calibrations.
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We begin with an examination of the quadrupole, octupole, and hexadecapole contributions to the induced metric,
neglecting all contributions that are bilinear in the tidal moments. We have
γAB = (2M1)
2
[
ΩAB − 2
3
M21
(E qAB + BqAB)− 215M31 (E oAB + BoAB)− 2105M41 (E hAB + BhAB)
]
, (10.3)
where the tidal potentials are given in the horizon calibration. This metric reflects a choice of coordinates on the
horizon: θA is defined to be constant on the horizon’s null generators, and the tidal moments are given as functions
of the advanced-time coordinate v. To keep the notation uncluttered, we no longer make use of the overbar on the
coordinates and tidal moments; it is now understood that all expressions refer to the black-hole frame.
Continuing to neglect all terms that are bilinear in the tidal moments, the Ricci scalar associated with the induced
metric is given by
R = 1
2M21
(
1− 4M21 E q −
4
3
M31 E o −
2
7
M41 E h
)
, (10.4)
where E q, E o, and E h are the tidal potentials introduced in Sec. III and evaluated for circular motion in Sec. IX E.
There is no gravitomagnetic scalar potential, and Bab, Babc and Babcd do not appear in the Ricci scalar.
It is convenient to relate the horizon’s intrinsic geometry to that of a fictitious two-dimensional surface embedded
in a three-dimensional flat space. The surface is described by
r = 2M1
[
1 + ε(θA)
]
, (10.5)
where ε is a displacement function that represents the tidal deformation. With
ε = −M21 E q −
2
15
M31 E o −
1
63
M41 E h, (10.6)
the embedded surface possesses the same intrinsic Ricci scalar as the horizon.
Looking separately at each multipole component of the displacement function, we substitute Eqs. (9.36) and obtain
ε[` = 2] = −M
2
1M2
2b3
{[
1 +
1
2
q1V
2 + 2pn
]
(3 cos2 θ − 1)
− 3
[
1 +
1
2
(q1 − 4)V 2 + 2pn
]
sin2 θ cos(2ψ) + 1.5pn
}
, (10.7a)
ε[` = 3] = −M
3
1M2
10b4
{
3
[
1 +
1
3
(9q1 − 8)V 2 + 2pn
]
sin θ(5 cos2 θ − 1) cos(ψ)
− 5
[
1 + (3q1 − 4)V 2 + 2pn
]
sin3 θ cos(3ψ) + 1.5pn
}
, (10.7b)
ε[` = 4] = −M
4
1M2
336b5
{
−3
[
1 +
1
14
(75q1 − 68)V 2 + 2pn
]
(35 cos4 θ − 30 cos2 θ + 3)
+ 20
[
1 +
3
14
(25q1 − 24)V 2 + 2pn
]
sin2 θ(7 cos2 θ − 1) cos(2ψ),
− 35
[
1 +
3
14
(25q1 − 28)V 2 + 2pn
]
sin4 θ cos(4ψ) + 2pn
}
, (10.7c)
where ψ := φ − ω¯v. The quadrupole displacement scales as M21M2/b3, which we take to be of Newtonian order,
and it features a 1pn correction of fractional order V 2. The octupole displacement comes with an additional factor
of order M1/b = q1V
2 and therefore represents a 1pn correction to the quadrupole deformation. The hexadecapole
displacement, with its additional factor of order (M1/b)
2, represents a 2pn correction to the quadrupole displacement.
The neglected bilinear terms would scale as M41M
2
2 /b
6 and therefore represent a 3pn correction to the leading term.
If we truncate the displacement function to an overall accuracy of 1pn order, we obtain
ε =
M21M2
2b3
{
−
[
1 +
1
2
q1V
2
]
(3 cos2 θ − 1) + 3
[
1 +
1
2
(q1 − 4)V 2
]
sin2 θ cos(2ψ)
− 3
5
q1V
2 sin θ(5 cos2 θ − 1) cos(ψ) + q1V 2 sin3 θ cos(3ψ) + 1.5pn
}
. (10.8)
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As was discussed further in Sec. I, the displacement function describes a tidal bulge aligned with φ = ω¯v.
A consequence of the black hole’s tidal interaction is the fact that its mass slowly increases. The equation that
describes this tidal heating is derived in Sec. IV D of Ref. [30]. According to their Eqs. (4.14) and (4.16), the rate of
change of the mass is given by
M˙1 = M˙1[` = 2] + M˙1[` = 3] + higher order, (10.9)
where
M˙1[` = 2] =
16
45
M61
(E˙abE˙ab + B˙abB˙ab), (10.10a)
M˙1[` = 3] =
16
4725
M81
(
E˙abcE˙abc + 16
9
B˙abcB˙abc
)
. (10.10b)
The influence of the hexadecapole moments on the mass is not currently known, and we therefore exclude it from the
expression. We insert our previous expressions for the quadrupole and octupole contributions, and obtain
M˙1[` = 2] =
32
5
q61q
2
2
(
M
b
)9[
1 + (q21 − 6)V 2 + 1.5pn
]
, (10.11a)
M˙1[` = 3] =
64
35
q81q
2
2
(
M
b
)11[
1 +
(
q21 + 5q1 −
175
18
)
V 2 + 1.5pn
]
. (10.11b)
The leading, quadrupole term scales as (M/b)9 = V 18, and it represents a correction of 4pn order to the energy lost
to gravitational waves. The octupole term scales as (M/b)11 = V 22; it represents a 4pn correction to the quadrupole
contribution, and a 8pn correction to the radiated energy.
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Appendix A: Decomposition of Cartesian tensors into irreducible pieces
For our purposes in this Appendix, the irreducible pieces of a Cartesian tensor consist of its traces, symmetric-
tracefree (STF) pieces, antisymmetric pieces, and all mixtures among these basic building blocks. We need decompo-
sitions for fully symmetric tensors Sabc··· and for tensors Ajabc··· that are fully symmetric with respect to the abc · · ·
indices. We use round brackets (abc · · · ) to denote the complete symmetrization of indices, square brackets [abc · · · ]
to denote a complete antisymmetrization, and angular brackets 〈abc · · ·〉 to denote an STF combination of indices
(complete symmetrization and removal of all traces).
The decomposition of a fully symmetric tensor into irreducible pieces is accomplished with
2Sab = 2S〈ab〉 +
1
3
δab 2S, (A1a)
3Sabc = 3S〈abc〉 +
1
5
(
δab 3Sc + δac 3Sb + δbc 3Sa
)
, (A1b)
4Sabcd = 4S〈abcd〉 +
1
7
(
δab 4S〈cd〉 + δac 4S〈bd〉 + δad 4S〈bc〉 + δbc 4S〈ad〉 + δbd 4S〈ac〉 + δcd 4S〈ab〉
)
+
1
15
(
δabδcd + δacδbd + δadδbc
)
4S, (A1c)
5Sabcde = 5S〈abcde〉 +
1
9
(
δab 5S〈cde〉 + δac 5S〈bde〉 + δad 5S〈bce〉 + δae 5S〈bcd〉
+ δbc 5S〈ade〉 + δbd 5S〈ace〉 + δbe 5S〈acd〉 + δcd 5S〈abe〉 + δce 5S〈abd〉 + δde 5S〈abc〉
)
+
1
35
[(
δabδcd + δacδbd + δadδbc
)
5Se +
(
δeaδbc + δebδac + δecδab
)
5Sd +
(
δdeδab + δdaδeb + δdbδea
)
5Sc
+
(
δcdδea + δceδda + δcaδde
)
5Sb +
(
δbcδde + δbdδce + δbeδcd
)
5Sa
]
, (A1d)
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where 2S := 2S
a
a , 3Sa := 3S
b
ab , 4S〈ab〉 is the STF piece of 4S
c
abc , 4S := 4S
ab
ab , 5S〈abc〉 is the STF piece of 5S
d
abcd , and
5Sa := 5S
bc
abc . The number before each tensor symbol indicates the rank of the parent tensor. The 6 independent
components of 2Sab are packaged into the 5 independent components of 2S〈ab〉 and the single component of 2S. The
10 independent components of 3Sabc are packaged into the 7 independent components of 3S〈abc〉 and the 3 components
of 3Sa. The 15 independent components of 4Sabcd are packaged into the 9 independent components of 4S〈abcd〉, the 5
independent components of 4S〈ab〉, and the single component of 4S. And finally, the 21 independent components of
5Sabcde are packaged into the 11 independent components of 5S〈abcde〉, the 7 independent components of 4S〈abc〉, and
the 3 components of 5Sa.
The decomposition of a tensor Ajab = Aj(ab) is accomplished with
3Ajab = 3A〈jab〉 + 
p
ja 3A〈pb〉 + 
p
jb 3A〈pa〉 + δja
(
3A¯b − 3Ab
)
+ δjb
(
3A¯a − 3Aa
)
+ δab
(
3A¯j + 2 3Aj
)
, (A2)
where
3A¯a :=
1
15
(
3A
p
ap + 2 3A
p
pa
)
, (A3a)
3Aa :=
1
6
(
3A
p
ap − 3Appa
)
, (A3b)
3A〈ab〉 :=
1
3
pq(a 3A
pq
b). (A3c)
The 18 independent components of 3Ajab are packaged into the 7 independent components of 3A〈jab〉, the 5 independent
components of 3A〈ab〉, the 3 components of 3Aa, and the 3 components of 3A¯a.
The decomposition of a tensor Ajabc = Aj(abc) into irreducible pieces is given by
4Ajabc = 4A〈jabc〉 + 
p
ja 4A〈pbc〉 + 
p
jc 4A〈pab〉 + 
p
jb 4A〈pca〉
+ δja
(
4A¯〈bc〉 + 4A〈bc〉
)
+ δjc
(
4A¯〈ab〉 + 4A〈ab〉
)
+ δjb
(
4A¯〈ca〉 + 4A〈ca〉
)
+ δab
(
4A¯〈jc〉 − 4A〈jc〉
)
+ δac
(
4A¯〈jb〉 − 4A〈jb〉
)
+ δbc
(
4A¯〈ja〉 − 4A〈ja〉
)
+
(
δab 
p
jc + δac 
p
jb + δbc 
p
ja
)
4Ap +
(
δjaδbc + δjbδac + δjcδab
)
4A¯, (A4)
where
4A¯ :=
1
15
4A
p q
pq , (A5a)
4A¯〈ab〉 :=
1
28
(
4A
p
abp +A
p
bap + 2 4A
p
pab
)− 1
21
δab 4A
p q
pq , (A5b)
4Aa :=
1
10
apq 4A
pqr
r, (A5c)
4A〈ab〉 :=
1
12
(
2 4A
p
pab − 4A pabp − 4A pbap
)
, (A5d)
4A〈abc〉 :=
1
4
pq(a 4A
pq
bc) −
1
6
(
δab 4Ac + δac 4Ab + δbc 4Aa
)
. (A5e)
The 30 independent components of 4Ajabc are packaged into the 9 independent components of 4A〈jabc〉, the 7 inde-
pendent components of 4A〈abc〉, the 5 independent components of 4A〈ab〉, the 5 independent components of 4A¯〈ab〉,
the 3 components of 4Aa, and the single component of 4A¯.
The decomposition of a tensor Ajabcd = Aj(abcd) is accomplished with
5Ajabcd := 5A〈jabcd〉 + 
p
ja 5A〈pbcd〉 + 
p
jd 5A〈pabc〉 + 
p
jc 5A〈pdab〉 + 
p
jb 5A〈pcda〉
+ δja
(
5A¯〈bcd〉 − 3 5A〈bcd〉
)
+ δjb
(
5A¯〈cda〉 − 3 5A〈cda〉
)
+ δjc
(
5A¯〈dab〉 − 3 5A〈dab〉
)
+ δjd
(
5A¯〈abc〉 − 3 5A〈abc〉
)
+ δab
(
5A¯〈jcd〉 + 2 5A〈jcd〉
)
+ δac
(
5A¯〈jbd〉 + 2 5A〈jbd〉
)
+ δad
(
5A¯〈jbc〉 + 2 5A〈jbc〉
)
+ δbc
(
5A¯〈jad〉 + 2 5A〈jad〉
)
+ δbd
(
5A¯〈jac〉 + 2 5A〈jac〉
)
+ δcd
(
5A¯〈jab〉 + 2 5A〈jab〉
)
+  pja
(
δbc 5A〈pd〉 + δdb 5A〈pc〉 + δcd 5A〈pb〉
)
+  pjd
(
δab 5A〈pc〉 + δca 5A〈pb〉 + δbc 5A〈pa〉
)
+  pjc
(
δda 5A〈pb〉 + δbd 5A〈pa〉 + δab 5A〈pd〉
)
+  pjb
(
δcd 5A〈pa〉 + δac 5A〈pd〉 + δda 5A〈pc〉
)
+
(
δjaδbc + δjcδab + δjbδca
)(
5A¯d + 5Ad
)
+
(
δjdδab + δjbδda + δjaδbd
)(
5A¯c + 5Ac
)
+
(
δjcδda + δjaδcd + δjdδac
)(
5A¯b + 5Ab
)
+
(
δjbδcd + δjdδbc + δjcδdb
)(
5A¯a + 5Aa
)
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+
(
δabδcd + δacδbd + δadδbc
)(
5A¯j − 4 5Aj
)
, (A6)
where
5A¯a :=
1
175
(
5A
p q
ap q + 4 5A
p q
paq
)
, (A7a)
5A¯〈abc〉 :=
1
45
(
5A
p
abcp + 5A
p
cabp + 5A
p
bcap + 2 5A
p
pabc
)− 7
9
(
δab 5A¯c + δac 5A¯b + δbc 5A¯a
)
, (A7b)
5Aa :=
1
50
(
5A
p q
paq − 5A p qap q
)
, (A7c)
5A〈ab〉 :=
1
21
pq(a 5A
pq r
b)r , (A7d)
5A〈abc〉 :=
1
60
(
5A
p
abcp + 5A
p
cabp + 5A
p
bcap − 3 5Appabc
)
+
1
6
(
δab 5Ac + δac 5Ab + δbc 5Aa
)
, (A7e)
5A〈abcd〉 :=
1
5
pq(a 5A
pq
bcd) −
3
10
(
δab 5A〈cd〉 + δac 5A〈bd〉 + δad 5A〈bc〉 + δbc 5A〈ad〉 + δbd 5A〈ac〉 + δcd 5A〈ab〉
)
. (A7f)
The 45 independent components of 5Ajabcd are packaged into the 11 independent components of 5A〈jabcd〉, the 9
independent components of 5A〈abcd〉, the 7 independent components of 5A〈abc〉, the 7 independent components of
5A¯〈abc〉, the 5 independent components of 5A〈ab〉, the 3 components of 5Aa, and the 3 components of 5A¯a.
The decompositions of Eqs. (A1) are familiar (see, for example, Sec. 1.5.3 of Ref. [34]), and there is no need to
provide a derivation. The decompositions of Eqs. (A2), (A4), and (A6) are perhaps less familiar, and we snow sketch
their derivation.
Equation (A2) can be obtained from the identity Ajab = A(jab) +
2
3 (A[ja]b + A[jb]a). The first term is decomposed
into trace and STF pieces, and the second and third terms are re-expressed in terms of a general tensor Xpa according
to A[ja]b = 
p
ja Xpb. In the next step, Xab is decomposed into trace, STF, and antisymmetric pieces according to
Xab =
1
3δabX +X〈ab〉 + 
p
ab Yp, where X := X
p
p and Yp is a vector. Making the substitutions and simplifying returns
Eq. (A2) after introducing the definitions of Eqs. (A3), with 3A¯a representing the trace part of A(jab), 3Aa substituting
for Ya, and 3A〈ab〉 substituting for X〈ab〉; X does not appear in the final expression.
Equation (A4) is obtained in a similar way. The starting identity is Ajabc = A(jabc) +
1
2 (A[ja]bc +A[jc]ab +A[jb]ca),
and the first term is decomposed into trace and STF pieces, while the remaining terms are rewritten in terms of a
tensor Xpab according to A[ja]bc = 
p
ja Xpbc. Because Xpab is symmetric in the last two indices, it can be decomposed
according to Eq. (A2). Making the substitutions, simplifying, and introducing the definitions of Eqs. (A5) returns
Eq. (A4).
For Eq. (A6) we begin with Ajabcd = A(jabcd)+
2
5 (A[ja]bcd+A[jd]abc+A[jc]dab+A[jb]cda) and write A[ja]bcd = 
p
ja Xpbcd,
with Xpbcd symmetric in the last three indices. This tensor can be decomposed according to Eq. (A4), and Eq. (A6)
eventually follows.
Appendix B: Derivatives of distance function
We introduce the Cartesian vector s := x − r(t), in which x denotes the variable position of a point in three-
dimensional flat space, and r(t) is a known vectorial function of time. We let v := dr/dt and a := dv/dt. The
“distance function” of the title is defined by s := |s|, and we also introduce the unit vector sˆ := s/s. We let vs := v · sˆ
and as := a · sˆ. Below we record a number of derivatives of the distance function, which are needed in the main text.
These results are easily derived from the elementary identities
∂as = sˆa, (B1a)
∂asˆb =
1
s
(δab − sˆasˆb), (B1b)
∂ts = −vs, (B1c)
∂tsˆa = −1
s
(va − vssˆa), (B1d)
∂avs =
1
s
(va − vssˆa), (B1e)
∂aas =
1
s
(aa − assˆa), (B1f)
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∂tvs = as − 1
s
(v2 − v2s), (B1g)
where v2 := v · v.
Derivatives of s−1 are given by
∂as
−1 = − 1
s2
sˆa, (B2a)
∂abs
−1 =
3
s3
sˆ〈ab〉 =
3
s3
(
sˆasˆb − 1
3
δab
)
, (B2b)
∂abcs
−1 = −15
s4
sˆ〈abc〉 = −15
s4
[
sˆasˆbsˆc − 1
5
(
δabsˆc + δacsˆb + δbcsˆa
)]
, (B2c)
∂abcds
−1 =
105
s5
sˆ〈abcd〉 =
105
s5
[
sˆasˆbsˆcsˆd − 1
7
(
δabsˆcsˆd + δacsˆbsˆd + δadsˆbsˆc + δbcsˆasˆd + δbdsˆasˆc + δcdsˆasˆb
)
+
1
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(
δabδcd + δacδbd + δadδbc
)]
, (B2d)
and
∂tas
−1 =
1
s3
(
−3vssˆa + va
)
, (B3a)
∂tabs
−1 =
1
s4
[
15vssˆasˆb − 3(vasˆb + sˆavb)− 3vsδab
]
, (B3b)
∂tabcs
−1 =
1
s5
[
−105vssˆasˆbsˆc + 15(vasˆbsˆc + sˆavbsˆc + sˆasˆbvc) + 15vs(δabsˆc + δacsˆb + δbcsˆa)
− 3(δabvc + δacvb + δbcva)
]
. (B3c)
Derivatives of s are given by
∂abs =
1
s
(
−sˆasˆb + δab
)
, (B4a)
∂abcs =
1
s2
[
3sˆasˆbsˆc − (δabsˆc + δacsˆb + δbcsˆa)
]
, (B4b)
∂abcds =
1
s3
[
−15sˆasˆbsˆcsˆd + 3(δabsˆcsˆd + δacsˆbsˆd + δadsˆbsˆc + δbcsˆasˆd + δbdsˆasˆc + δcdsˆasˆb)
− (δabδcd + δacδbd + δadδbc)
]
(B4c)
and
∂tabs =
1
s3
[
−3vssˆasˆb + (vasˆb + sˆavb) + vsδab
]
, (B5a)
∂tabcs =
1
s3
[
15vssˆasˆbsˆc − 3(vasˆbsˆc + sˆavbsˆc + sˆasˆbvc)− 3vs(δabsˆc + δacsˆb + δbcsˆa)
+ (δabvc + δacvb + δbcva)
]
, (B5b)
∂tabcds =
1
s4
[
−105vssˆasˆbsˆcsˆd + 15(vasˆbsˆcsˆd + sˆavbsˆcsˆd + sˆasˆbvcsˆd + sˆasˆbsˆcvd)
+ 15vs(δabsˆcsˆd + δacsˆbsˆd + δadsˆbsˆc + δbcsˆasˆd + δbdsˆasˆc + δcdsˆasˆb)
− 6(δabv(csˆd) + δacv(bsˆd) + δadv(bsˆc) + δbcv(asˆd) + δbdv(asˆc) + δcdv(asˆb))
− 3vs(δabδcd + δacδbd + δadδbc)
]
(B5c)
and
∂ttabs =
1
s2
[
−3assˆasˆb + (aasˆb + sˆaab) + asδab
]
+
1
s3
[
3(v2 − 5v2s)sˆasˆb + 6vs(vasˆb + sˆavb)− 2vavb − (v2 − 3v2s)δab
]
, (B6a)
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∂ttabcs =
1
s3
[
15assˆasˆbsˆc − 3(aasˆbsˆc + sˆaabsˆc + sˆasˆbac)− 3as(δabsˆc + δacsˆb + δbcsˆa) + (δabac + δacab + δbcaa)
]
+
1
s4
[
−15(v2 − 7v2s)sˆasˆbsˆc − 30vs(vasˆbsˆc + sˆavbsˆc + sˆasˆbvc) + 3(v2 − 5v2s)(δabsˆc + δacsˆb + δbcsˆa)
+ 6(vavbsˆc + vasˆbvc + sˆavbvc) + 6vs(δabvc + δacvb + δbcva)
]
, (B6b)
∂ttabcds =
1
s4
[
−105assˆasˆbsˆcsˆd + 15(aasˆbsˆcsˆd + sˆaabsˆcsˆd + sˆasˆbacsˆd + sˆasˆbsˆcad)
+ 15as(δabsˆcsˆd + δacsˆbsˆd + δadsˆbsˆc + δbcsˆasˆd + δbdsˆasˆc + δcdsˆasˆb)
− 12(δaba(csˆd) + δaca(bsˆd) + δada(bsˆc) + δbca(asˆd) + δbda(asˆc) + δcda(asˆb))− 3as(δabδcd + δacδbd + δadδbc)
]
+
1
s5
[
105(v2 − 9v2s)sˆasˆbsˆcsˆd + 210vs(vasˆbsˆcsˆd + sˆavbsˆcsˆd + sˆasˆbvcsˆd + sˆasˆbsˆcvd)
− 30(vavbsˆcsˆd + vasˆbvcsˆd + vasˆbsˆcvd + sˆavbvcsˆd + sˆavbsˆcvd + sˆasˆbvcvd)
− 15(v2 − 7v2s)(δabsˆcsˆd + δacsˆbsˆd + δadsˆbsˆc + δbcsˆasˆd + δbdsˆasˆc + δcdsˆasˆb)
− 60vs(δabv(csˆd) + δacv(bsˆd) + δadv(bsˆc) + δbcv(asˆd) + δbdv(asˆc) + δcdv(asˆb))
+ 6(δabvcvd + δacvbvd + δadvbvc + δbcvavd + δbdvavc + δcdvavb)
+ 3(v2 − 5v2s)(δabδcd + δacδbd + δadδbc)
]
. (B6c)
Appendix C: Tables
TABLE I. Irreducible tidal potentials. The superscripts q, o, and h stand for “quadrupole,” “octupole,” and “hexadecapole,”
respectively. The factor of 2 in Eh is inserted to respect Zhang’s normalization convention for Eabcd; see Eqs. (2.3). The factors
of 4
3
and 10
3
in Boa and Bha are inserted to respect Zhang’s normalization convention for Babc and Babcd; see Eqs. (2.2) and (2.3).
Eq = EcdΩcΩd
Eo = EcdeΩcΩdΩe
Eh = 2EcdefΩcΩdΩeΩf
Bqa = apqΩpBqcΩc
Boa = 43 apqΩpBqcdΩcΩd
Bha = 103 apqΩpBqcdeΩcΩdΩe
Pm = EpqEpq
Pq = Ep〈cEpd〉ΩcΩd
Ph = E〈cdEef〉ΩcΩdΩeΩf
Qm = BpqBpq
Qq = Bp〈cBpd〉ΩcΩd
Qh = B〈cdBef〉ΩcΩdΩeΩf
Gd = cpqEprBrqΩc
Go = pq〈cEpdBqe〉ΩcΩdΩe
Hqa =  pqa ΩpEr〈qBrc〉Ωc
Hha =  pqa ΩpE〈qcBde〉ΩcΩdΩe
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TABLE II. Spherical-harmonic functions Y `m and harmonic components A(`)m involved in the decomposition of A(`) :=
A〈k1···k`〉Ωk1 · · ·Ωk` =
∑
mA(`)m Y `m. The functions are real, and they are listed for the relevant modes ` = 1 (dipole),
` = 2, (quadrupole), ` = 3 (octupole), and ` = 4 (hexadecapole). The abstract index m describes the dependence of these
functions on the angle φ; for example Y `,2s is proportional to sin 2φ. We write C := cos θ and S := sin θ. The harmonic
components are expressed in terms of the independent components of the STF tensor A〈k1···k`〉.
Y 1,0 = C Ad0 = A3
Y 1,1c = S cosφ Ad1c = A1
Y 1,1s = S sinφ Ad1s = A2
Y 2,0 = 1− 3C2 Aq0 = 12 (A11 +A22)
Y 2,1c = 2SC cosφ Aq1c = A13
Y 2,1s = 2SC sinφ Aq1s = A23
Y 2,2c = S2 cos 2φ Aq2c = 12 (A11 −A22)
Y 2,2s = S2 sin 2φ Aq2s = A12
Y 3,0 = C(3− 5C2) Ao0 = 12 (A113 +A223)
Y 3,1c = 32S(1− 5C2) cosφ Ao1c = 12 (A111 +A122)
Y 3,1s = 32S(1− 5C2) sinφ Ao1s = 12 (A112 +A222)
Y 3,2c = 3S2C cos 2φ Ao2c = 12 (A113 −A223)
Y 3,2s = 3S2C sin 2φ Ao2s = A123
Y 3,3c = S3 cos 3φ Ao3c = 14 (A111 − 3A122)
Y 3,3s = S3 sin 3φ Ao3s = 14 (3A112 −A222)
Y 4,0 = 12 (3− 30C2 + 35C4) Ah0 = 14 (A1111 + 2A1122 +A2222)
Y 4,1c = 2SC(3− 7C2) cosφ Ah1c = 12 (A1113 +A1223)
Y 4,1s = 2SC(3− 7C2) sinφ Ah1s = 12 (A1123 +A2223)
Y 4,2c = S2(1− 7C2) cos 2φ Ah2c = 12 (A1111 −A2222)
Y 4,2s = S2(1− 7C2) sin 2φ Ah2s = A1112 +A1222
Y 4,3c = 4S3C cos 3φ Ah3c = 14 (A1113 − 3A1223)
Y 4,3s = 4S3C sin 3φ Ah3s = 14 (3A1123 −A2223)
Y 4,4c = S4 cos 4φ Ah4c = 18 (A1111 − 6A1122 +A2222)
Y 4,4s = S4 sin 4φ Ah4s = 12 (A1112 −A1222)
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TABLE III. The first column lists the harmonic components of type-E , even-parity tidal potentials, as defined in Table I. The
second column lists their expansions in scalar, vector, and tensor harmonics. The components of Eh come with an additional
factor of 2 to accommodate Zhang’s choice of normalization; see Table I.
Eq0 = 12 (E11 + E22)
Eq1c = E13 Eq =
∑
m EqmY 2,m
Eq1s = E23 EqA = 12
∑
m EqmY 2,mA
Eq2c = 12 (E11 − E22) EqAB =
∑
m EqmY 2,mAB
Eq2s = E12
Eo0 = 12 (E113 + E223)
Eo1c = 12 (E111 + E122)
Eo1s = 12 (E112 + E222) Eo =
∑
m EomY 3,m
Eo2c = 12 (E113 − E223) EoA = 13
∑
m EomY 3,mA
Eo2s = E123 EoAB = 13
∑
m EomY 3,mAB
Eo3c = 14 (E111 − 3E122)
Eo3s = 14 (3E112 − E222)
Eh0 = 12 (E1111 + 2E1122 + E2222)
Eh1c = E1113 + E1223
Eh1s = E1123 + E2223
Eh2c = E1111 − E2222 Eh =
∑
m EhmY 4,m
Eh2s = 2(E1112 + E1222) EhA = 14
∑
m EhmY 4,mA
Eh3c = 12 (E1113 − 3E1223) EhAB = 16
∑
m EhmY 4,mAB
Eh3s = 12 (3E1123 − E2223)
Eh4c = 14 (E1111 − 6E1122 + E2222)
Eh4s = E1112 − E1222
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TABLE IV. The first column lists the harmonic components of type-B, odd-parity tidal potentials, as defined in Table I. The
second column lists their expansions in scalar, vector, and tensor harmonics. The components of Bo come with an additional
factor of 4
3
to accommodate Zhang’s choice of normalization, and those of Bh come with an additional factor 10
3
; see Table I.
Bq0 = 12 (B11 + B22)
Bq1c = B13 Bq =
∑
m BqmY 2,m
Bq1s = B23 BqA = 12
∑
m BqmX2,mA
Bq2c = 12 (B11 − B22) BqAB =
∑
m BqmX2,mAB
Bq2s = B12
Bo0 = 23 (B113 + B223)
Bo1c = 23 (B111 + B122)
Bo1s = 23 (B112 + B222) Bo =
∑
m BomY 3,m
Bo2c = 23 (B113 − B223) BoA = 13
∑
m BomX3,mA
Bo2s = 43B123 BoAB = 13
∑
m BomX3,mAB
Bo3c = 13 (B111 − 3B122)
Bo3s = 13 (3B112 − B222)
Bh0 = 56 (B1111 + 2B1122 + B2222)
Bh1c = 53 (B1113 + B1223)
Bh1s = 53 (B1123 + B2223)
Bh2c = 53 (B1111 − B2222) Bh =
∑
m BhmY 4,m
Bh2s = 103 (B1112 + B1222) BhA = 14
∑
m BhmX4,mA
Bh3c = 56 (B1113 − 3B1223) BhAB = 16
∑
m BhmX4,mAB
Bh3s = 56 (3B1123 − B2223)
Bh4c = 512 (B1111 − 6B1122 + B2222)
Bh4s = 53 (B1112 − B1222)
TABLE V. Harmonic components of type-EE , even-parity tidal potentials, as defined in Table I. The spherical-harmonic
decompositions are Pq = ∑m PqmY 2,m, PqA = 12 ∑m PqmY 2,mA , PqAB = ∑m PqmY 2,mAB , Ph = ∑m PhmY 4,m, PhA = 14 ∑m PhmY 4,mA ,
and PhAB = 16
∑
m PhmY 4,mAB .
Pm = 6(Eq0)2 + 2(Eq1c)2 + 2(Eq1s)2 + 2(Eq2c)2 + 2(Eq2s)2
Pq0 = −(Eq0)2 − 16 (Eq1c)2 − 16 (Eq1s)2 + 13 (Eq2c)2 + 13 (Eq2s)2
Pq1c = −Eq0Eq1c + Eq1cEq2c + Eq1sEq2s
Pq1s = −Eq0Eq1s + Eq1cEq2s − Eq1sEq2c
Pq2c = 2Eq0Eq2c + 12 (Eq1c)2 − 12 (Eq1s)2
Pq2s = 2Eq0Eq2s + Eq1cEq1s
Ph0 = 1835 (Eq0)2 − 435 (Eq1c)2 − 435 (Eq1s)2 + 135 (Eq2c)2 + 135 (Eq2s)2
Ph1c = 67Eq0Eq1c + 17Eq1cEq2c + 17Eq1sEq2s
Ph1s = 67Eq0Eq1s + 17Eq1cEq2s − 17Eq1sEq2c
Ph2c = 67Eq0Eq2c − 27 (Eq1c)2 + 27 (Eq1s)2
Ph2s = 67Eq0Eq2s − 47Eq1cEq1s
Ph3c = 12Eq1cEq2c − 12Eq1sEq2s
Ph3s = 12Eq1cEq2s + 12Eq1sEq2c
Ph4c = 12 (Eq2c)2 − 12 (Eq2s)2
Ph4s = Eq2cEq2s
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TABLE VI. Harmonic components of type-BB, even-parity tidal potentials, as defined in Table I. The spherical-harmonic de-
compositions are Qq = ∑mQqmY 2,m, QqA = 12 ∑mQqmY 2,mA , QqAB = ∑mQqmY 2,mAB , Qh = ∑mQhmY 4,m, QhA = 14 ∑mQhmY 4,mA ,
and QhAB = 16
∑
mQhmY 4,mAB .
Qm = 6(Bq0)2 + 2(Bq1c)2 + 2(Bq1s)2 + 2(Bq2c)2 + 2(Bq2s)2
Qq0 = −(Bq0)2 − 16 (Bq1c)2 − 16 (Bq1s)2 + 13 (Bq2c)2 + 13 (Bq2s)2
Qq1c = −Bq0Bq1c + Bq1cBq2c + Bq1sBq2s
Qq1s = −Bq0Bq1s + Bq1cBq2s − Bq1sBq2c
Qq2c = 2Bq0Bq2c + 12 (Bq1c)2 − 12 (Bq1s)2
Qq2s = 2Bq0Bq2s + Bq1cBq1s
Qh0 = 1835 (Bq0)2 − 435 (Bq1c)2 − 435 (Bq1s)2 + 135 (Bq2c)2 + 135 (Bq2s)2
Qh1c = 67Bq0Bq1c + 17Bq1cBq2c + 17Bq1sBq2s
Qh1s = 67Bq0Bq1s + 17Bq1cBq2s − 17Bq1sBq2c
Qh2c = 67Bq0Bq2c − 27 (Bq1c)2 + 27 (Bq1s)2
Qh2s = 67Bq0Bq2s − 47Bq1cBq1s
Qh3c = 12Bq1cBq2c − 12Bq1sBq2s
Qh3s = 12Bq1cBq2s + 12Bq1sBq2c
Qh4c = 12 (Bq2c)2 − 12 (Bq2s)2
Qh4s = Bq2cBq2s
TABLE VII. Harmonic components of type-EB, even-parity tidal potentials, as defined in Table I. The spherical-harmonic
decompositions are Gd = ∑m GdmY 1,m, GdA = ∑m GdmY 1,mA , Go = ∑m GomY 3,m, GoA = 13 ∑m GomY 3,mA , and GoAB = 13 ∑m GomY 3,mAB .
Gd0 = Eq1cBq1s − Eq1sBq1c + 2Eq2cBq2s − 2Eq2sBq2c
Gd1c = (3Eq0 − Eq2c)Bq1s − Eq1cBq2s − Eq1s(3Bq0 − Bq2c) + Eq2sBq1c
Gd1s = −(3Eq0 + Eq2c)Bq1c + Eq1c(3Bq0 + Bq2c) + Eq1sBq2s − Eq2sBq1s
Go0 = − 25Eq1cBq1s + 25Eq1sBq1c + 15Eq2cBq2s − 15Eq2sBq2c
Go1c = − 25Eq0Bq1s − 15Eq1cBq2s + 15Eq1s(2Bq0 + Bq2c)− 15Eq2cBq1s + 15Eq2sBq1c
Go1s = 25Eq0Bq1c − 15Eq1c(2Bq0 − Bq2c) + 15Eq1sBq2s − 15Eq2cBq1c − 15Eq2sBq1s
Go2c = Eq0Bq2s − Eq2sBq0
Go2s = −Eq0Bq2c + Eq2cBq0
Go3c = − 12Eq1cBq2s − 12Eq1sBq2c + 12Eq2cBq1s + 12Eq2sBq1c
Go3s = 12Eq1cBq2c − 12Eq1sBq2s − 12Eq2cBq1c + 12Eq2sBq1s
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TABLE VIII. Harmonic components of type-EB, odd-parity tidal potentials, as defined in Table I. The spherical-harmonic
decompositions are HqA = 12
∑
mHqmX2,mA , HqAB =
∑
mHqmX2,mAB , HhA = 14
∑
mHhmX4,mA , and HhAB = 16
∑
mHhmX4,mAB .
Hq0 = −Eq0Bq0 − 16Eq1cBq1c − 16Eq1sBq1s + 13Eq2cBq2c + 13Eq2sBq2s
Hq1c = − 12Eq0Bq1c − 12Eq1c(Bq0 − Bq2c) + 12Eq1sBq2s + 12Eq2cBq1c + 12Eq2sBq1s
Hq1s = − 12Eq0Bq1s + 12Eq1cBq2s − 12Eq1s(Bq0 + Bq2c)− 12Eq2cBq1s + 12Eq2sBq1c
Hq2c = Eq0Bq2c + 12Eq1cBq1c − 12Eq1sBq1s + Eq2cBq0
Hq2s = Eq0Bq2s + 12Eq1cBq1s + 12Eq1sBq1c + Eq2sBq0
Hh0 = 1835Eq0Bq0 − 435Eq1cBq1c − 435Eq1sBq1s + 135Eq2cBq2c + 135Eq2sBq2s
Hh1c = 37Eq0Bq1c + 114Eq1c(6Bq0 + Bq2c) + 114Eq1sBq2s + 114Eq2cBq1c + 114Eq2sBq1s
Hh1s = 37Eq0Bq1s + 114Eq1cBq2s + 114Eq1s(6Bq0 − Bq2c)− 114Eq2cBq1s + 114Eq2sBq1c
Hh2c = 37Eq0Bq2c − 27Eq1cBq1c + 27Eq1sBq1s + 37Eq2cBq0
Hh2s = 37Eq0Bq2s − 27Eq1cBq1s − 27Eq1sBq1c + 37Eq2sBq0
Hh3c = 14Eq1cBq2c − 14Eq1sBq2s + 14Eq2cBq1c − 14Eq2sBq1s
Hh3s = 14Eq1cBq2s + 14Eq1sBq2c + 14Eq2cBq1s + 14Eq2sBq1c
Hh4c = 12Eq2cBq2c − 12Eq2sBq2s
Hh4s = 12Eq2cBq2s + 12Eq2sBq2c
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TABLE IX. Radial functions in (v, r, θA) coordinates: type-E potentials. The functions are expressed in terms of x := r/M and
f := 1− 2/x. The dilogarithm function is defined as dilog (z) = ∫ z
1
dy ln(y)/(1− y), with ln(z) denoting the natural logarithm.
The constants eq1, e
q
2, and e
o
1 are arbitrary constants of integration, whose meaning is explained in the text. In e¨
q
vv, the function
e˙qvv is evaluated with e
q
1 = 0; a similar statement holds for e¨
q
vr, e¨
q
rr, and e¨
q.
eqvv = −f2
eqvr = f
eqrr = −2
eq = −1 + 2
x2
e˙qvv =
1
x
[eq1 − 2 ln(x/2)]eqvv + 1− 11215x + 20815x2 − 2815x3 − 163x4 − 83x5
e˙qvr =
1
x
[eq1 − 2 ln(x/2)]eqvr − 53 + 7715x − 85x2 − 103x3 − 43x4
e˙qrr =
1
x
[eq1 − 2 ln(x/2)]eqrr + 103 − 185x − 4x2 − 43x3
e˙q = 1
x
[eq1 − 2 ln(x/2)]eq + 1− 5215x − 6x2 + 4415x3 + 83x4
e¨qvv =
1
x2
[eq2 − 4 dilog (x/2)]eqvv + 1xeq1 e˙qvv(eq1 = 0)− f2
(
2
x
− 514
105x2
)
ln(x/2)
− 16
21
+ 1517
315x
− 4616
315x2
+ 302
45x3
+ 2986
105x4
− 4112
315x5
− 2056
315x6
e¨qvr =
1
x2
[eq2 − 4 dilog (x/2)]eqvr + 1xeq1 e˙qvr(eq1 = 0) + 1f
(
10
3x
− 1564
105x2
+ 2476
105x3
− 1636
105x4
)
ln(x/2)
+ 10
7
− 332
63x
+ 102
35x2
+ 2956
315x3
− 514
63x4
− 1028
315x5
e¨qrr =
1
x2
[eq2 − 4 dilog (x/2)]eqrr + 1xeq1 e˙qrr(eq1 = 0)− 1f2
(
20
3x
− 3128
105x2
+ 4952
105x3
− 3272
105x4
)
ln(x/2)
− 1
f
(
20
7
− 664
63x
+ 204
35x2
+ 5912
315x3
− 1028
63x4
− 2056
315x5
)
e¨q = 1
x2
[eq2 − 4 dilog (x/2)]eq + 1xeq1 e˙q(eq1 = 0)−
(
1− 2
x2
)(
2
x
− 514
105x2
)
ln(x/2)
− 25
42
+ 842
315x
− 263
315x2
− 1892
105x3
− 338
35x4
+ 2056
315x5
eovv = − 13f2(1− 1x )
eovr =
1
3
f(1− 1
x
)
eorr = − 23 (1− 1x )
eo = − 1
3
(1− 2
x
+ 4
5x3
)
e˙ovv =
1
x
[eo1 − 2 ln(x/2)]eovv + 13 − 6521x + 17821x2 − 527x3 − 463x4 + 89x5 + 845x6
e˙ovr =
1
x
[eo1 − 2 ln(x/2)]eovr − 12 + 16763x − 22163x2 + 46315x3 + 2245x4 + 445x5
e˙orr =
1
x
[eo1 − 2 ln(x/2)]eorr + 1− 20863x + 2663x2 + 815x3 + 445x4
e˙o = 1
x
[eo1 − 2 ln(x/2)]eo + 13 − 4421x + 3221x2 + 85x3 − 1663x4 − 845x5
ehvv = − 112f2(1− 2x + 67x2 )
ehvr =
1
12
f(1− 2
x
+ 6
7x2
)
ehrr = − 16 (1− 2x + 67x2 )
eh = − 1
12
(1− 10
3x
+ 20
7x2
− 8
21x4
)
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TABLE X. Radial functions in (v, r, θA) coordinates: type-B potentials. The functions are expressed in terms of x := r/M and
f := 1− 2/x. The dilogarithm function is defined as dilog (z) = ∫ z
1
dy ln(y)/(1− y), with ln(z) denoting the natural logarithm.
The constants bq1, b
q
2, and b
o
1 are arbitrary constants of integration, whose meaning is explained in the text. In b¨
q
v, the function
b˙qv is evaluated with b
q
1 = 0; a similar statement holds for b¨
q
r.
bqv =
2
3
f
bqr = − 23
b˙qv =
1
x
[bq1 − 2 ln(x/2)]bqv − 23 + 4915x − 65x2 − 83x3 − 169x4 − 169x5
b˙qr =
1
x
[bq1 − 2 ln(x/2)]bqr + 56 − 85x − 2x2 − 43x3 − 89x4
b¨qv =
1
x2
[bq2 − 4 dilog (x/2)]bqv + 1xbq1 b˙qv(bq1 = 0) + f
(
4
3x
− 158
63x2
)
ln(x/2)
+ 17
42
− 1403
630x
+ 479
126x2
+ 38
7x3
− 344
63x4
− 632
189x5
− 632
189x6
b¨qr =
1
x2
[bq2 − 4 dilog (x/2)]bqr + 1xbq1 b˙qr(bq1 = 0)− 1f
(
5
3x
− 326
63x2
+ 316
63x3
)
ln(x/2)
− 4
7
+ 395
252x
− 100
21x3
− 200
63x4
− 316
189x5
bov =
1
4
f
(
1− 4
3x
)
bor = − 14
(
1− 4
3x
)
b˙ov =
1
x
[bo1 − 2 ln(x/2)]bov − 14 + 1579840x − 26584x2 + 1635x3 + 23x4 + 29x5 + 445x6
b˙or =
1
x
[bo1 − 2 ln(x/2)]bor + 310 − 229168x + 37x2 + 25x3 + 215x4 + 245x5
bhv =
1
15
f
(
1− 5
2x
+ 10
7x2
)
bhr = − 115
(
1− 5
2x
+ 10
7x2
)
TABLE XI. Radial functions in (v, r, θA) coordinates: type-P and type-Q potentials. The functions are expressed in terms of
x := r/M and f := 1 − 2/x. The constants pm, pq, ph, qm, qq, and qh are arbitrary constants of integration, whose meaning is
explained in the text.
pmvv =
2
x5
pm − f2( 1
15
+ 2
75x
− 4
25x2
+ 32
225x3
+ 32
225x4
)
qmvv =
2
x5
qm + f3
(
1
15
+ 2
25x
+ 2
25x2
+ 4
75x3
)
pmvr = − 2x5f pm + f
(
1
15
+ 2
75x
− 4
25x2
+ 32
225x3
+ 32
225x4
)
qmvr = − 2x5f qm − f2
(
1
15
+ 2
25x
+ 2
25x2
+ 4
75x3
)
pmrr =
4
x5f2
pm − 2( 1
15
+ 2
75x
− 4
25x2
+ 32
225x3
+ 32
225x4
)
qmrr =
4
x5f2
qm + 2f
(
1
15
+ 2
25x
+ 2
25x2
+ 4
75x3
)
pm = 2
75
− 8
45x2
+ 128
225x5
qm = 2
225
− 2
45x
+ 32
75x5
pqvv =
1
x2
pq eqvv − f2
(
2
7
+ 6
7x
− 8
7x2
)
qqvv =
1
x2
qq eqvv + f
(
2
7
− 2
3x
)
pqvr =
1
x2
pq eqvr + f
(
2
7
+ 6
7x
− 8
7x2
)
qqvr =
1
x2
qq eqvr − 27 + 23x
pqrr =
1
x2
pq eqrr − 67 − 87x + 167x2 qqrr = 1x2 qq eqrr + 3421
pq = 1
x2
pq eq − 1
14
+ 12
7x4
qq = 1
x2
qq eq + 1
2
− 4
7x
phvv = p
h ehvv + f
2
(
367
36
− 164
9x
+ 7
x2
)
qhvv = q
h ehvv − f
(
17
36
− 49
54x
)
phvr = p
h ehvr − f
(
367
36
− 164
9x
+ 7
x2
)
qhvr = q
h ehvr +
17
36
− 49
54x
phrr = p
h ehrr +
379
18
− 340
9x
+ 14
x2
qhrr = q
h ehrr − 2954
ph = ph eh + 391
36
− 868
27x
+ 206
9x2
qh = qh eh − 7
108
+ 1
27x
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TABLE XII. Radial functions in (v, r, θA) coordinates: type-G and type-H potentials. The functions are expressed in terms of
x := r/M and f := 1− 2/x. The constants go, hq, and hh are arbitrary constants of integration, whose meaning is explained in
the text.
gdvv = 0
gdvr = f
(
2
15
− 8
15x
)
hqv =
1
x2
hq bqv + f
(
4
21
+ 16
21x
+ 32
21x2
)
gdrr = − 415 + 1615x hqr = 1x2 hq bqr −
(
4
21
+ 16
21x
+ 32
21x2
)
gd = 0
govv =
1
x
go eovv
govr =
1
x
go eovr + f
(
1
9
− 4
9x
)
hhv = h
h bhv − f
(
8
3x
− 64
21x2
)
gorr =
1
x
go eorr − 2
(
1
9
− 4
9x
)
hhr = h
h bhr +
8
3x
− 64
21x2
go = 1
x
go eo
TABLE XIII. Radial functions in (t, r, θA) coordinates: type-E potentials. The functions are expressed in terms of x := r/M
and f := 1− 2/x.
eqtt = −f2
eqrr = −1
eq = −1 + 2
x2
e˙qtt =
1
x
[eq1 + 2 ln(f)]e
q
tt − 5215x + 14815x2 − 2815x3 − 163x4 − 83x5
e˙qtr = − 1f
(
2
3
− 1
x
− 2
x2
+ 2
x3
)
e˙qrr =
1
x
[eq1 + 2 ln(f)]e
q
rr − 1f2
(
52
15x
− 148
15x2
+ 28
15x3
+ 16
3x4
+ 8
3x5
)
e˙q = 1
x
[eq1 + 2 ln(f)]e
q − 52
15x
− 4
x2
+ 44
15x3
+ 8
3x4
e¨qtt =
1
x2
[eq2 − 4 dilog (x/2)− 2 ln2(x/2) + 2 ln2(f)]eqtt + 1xeq1 e˙qtt(eq1 = 0)−
(
214
105x2
− 16
105x3
− 1664
105x4
+ 32
3x5
+ 16
3x6
)
ln(x/2)
− ( 104
15x2
− 296
15x3
+ 56
15x4
+ 32
3x5
+ 16
3x6
)
ln(f)− 11
42
− 41
63x
− 878
315x2
+ 218
45x3
+ 2426
105x4
− 4952
315x5
− 2056
315x6
e¨qtr =
1
x
[eq1 + 2 ln(f)]e˙
q
tr − 1f
(
104
45x
− 4
5x2
− 124
15x3
− 68
45x4
)
e¨qrr =
1
x2
[eq2 − 4 dilog (x/2)− 2 ln2(x/2) + 2 ln2(f)]eqrr + 1xeq1 e˙qrr(eq1 = 0)− 1f2
(
214
105x2
− 16
105x3
− 1664
105x4
+ 32
3x5
+ 16
3x6
)
ln(x/2)
− 1
f2
(
104
15x2
− 296
15x3
+ 56
15x4
+ 32
3x5
+ 16
3x6
)
ln(f)− 1
f2
(
11
42
+ 41
63x
+ 878
315x2
− 218
45x3
− 2426
105x4
+ 4952
315x5
+ 2056
315x6
)
e¨q = 1
x2
[eq2 − 4 dilog (x/2)− 2 ln2(x/2) + 2 ln2(f)]eq + 1xeq1 e˙q(eq1 = 0)−
(
214
105x2
+ 8
x3
+ 412
105x4
− 16
3x5
)
ln(x/2)
− ( 104
15x2
+ 8
x3
− 88
15x4
− 16
3x5
)
ln(f)− 2
21
− 50
63x
− 1838
315x2
− 528
35x3
− 734
105x4
+ 2056
315x5
eott = − 13f2(1− 1x )
eorr = − 13 (1− 1x )
eo = − 1
3
(1− 2
x
+ 4
5x3
)
e˙ott =
1
x
[eo1 + 2 ln(f)]e
o
tt − 107x + 12221x2 − 12821x3 − 463x4 + 89x5 + 845x6
e˙otr = − 1f
(
1
6
− 5
9x
+ 1
3x2
+ 4
15x3
− 2
15x4
)
e˙orr =
1
x
[eo1 + 2 ln(f)]e
o
rr − 1f2
(
10
7x
− 122
21x2
+ 128
21x3
+ 4
63x4
− 8
9x5
− 8
45x6
)
e˙o = 1
x
[eo1 + 2 ln(f)]e
o − 10
7x
+ 32
21x2
+ 4
3x3
− 16
63x4
− 8
45x5
ehtt = − 112f2(1− 2x + 67x2 )
ehrr = − 112
(
1− 2
x
+ 6
7x2
)
eh = − 1
12
(
1− 10
3x
+ 20
7x2
− 8
21x4
)
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TABLE XIV. Radial functions in (t, r, θA) coordinates: type-B potentials. The functions are expressed in terms of x := r/M
and f := 1− 2/x.
bqt =
2
3
f
b˙qt =
1
x
[bq1 + 2 ln(f)]b
q
t +
29
15x
− 6
5x2
− 8
3x3
− 16
9x4
− 16
9x5
b˙qr =
1
6f
b¨qt =
1
x2
[bq2 − 4 dilog (x/2)− 2 ln2(x/2) + 2 ln2(f)]bqt + 1xbq1 b˙qt(bq1 = 0) +
(
428
315x2
+ 824
315x3
− 16
3x4
− 32
9x5
− 32
9x6
)
ln(x/2)
+
(
58
15x2
− 12
5x3
− 16
3x4
− 32
9x5
− 32
9x6
)
ln(f) + 1
14
+ 47
126x
+ 1639
630x2
+ 58
21x3
− 152
21x4
− 968
189x5
− 632
189x6
b¨qr =
1
x
[bq1 + 2 ln(f)]b˙
q
r +
1
f
(
29
60x
+ 2
3x2
+ 2
3x3
+ 8
9x4
+ 4
3x5
)
bot =
1
4
f
(
1− 4
3x
)
b˙ot =
1
x
[bo1 + 2 ln(f)]b
o
t +
293
280x
− 209
84x2
+ 16
35x3
+ 2
3x4
+ 2
9x5
+ 4
45x6
b˙or =
1
f
(
1
20
− 1
12x
)
bht =
1
15
f
(
1− 5
2x
+ 10
7x2
)
TABLE XV. Radial functions in (t, r, θA) coordinates: type-P and type-Q potentials. The functions are expressed in terms of
x := r/M and f := 1− 2/x.
pmtt =
2
x5
pm − f2( 1
15
+ 2
75x
− 4
25x2
+ 32
225x3
+ 32
225x4
)
qmtt =
2
x5
qm + f3
(
1
15
+ 2
25x
+ 2
25x2
+ 4
75x3
)
pmrr =
2
x5f2
pm − 1
15
− 2
75x
+ 4
25x2
− 32
225x3
− 32
225x4
)
qmrr =
2
x5f2
qm + 1
15
− 4
75x
− 2
25x2
− 8
75x3
− 8
75x4
pm = 2
75
− 8
45x2
+ 128
225x5
qm = 2
225
− 2
45x
+ 32
75x5
pqtt =
1
x2
pq eqtt − f2
(
2
7
+ 6
7x
− 8
7x2
)
qqtt =
1
x2
qq eqtt + f
(
2
7
− 2
3x
)
pqrr =
1
x2
pq eqrr − 47 − 27x + 87x2 qqrr = 1x2 qq eqrr + 1f
(
4
3
− 18
7x
)
pq = 1
x2
pq eq − 1
14
+ 12
7x4
qq = 1
x2
qq eq + 1
2
− 4
7x
phtt = p
h ehtt + f
2
(
367
36
− 164
9x
+ 7
x2
)
qhtt = q
h ehtt − f
(
17
36
− 49
54x
)
phrr = p
h ehrr +
391
36
− 176
9x
+ 7
x2
qhrr = q
h ehrr − 1f
(
7
108
− 1
6x
)
ph = ph eh + 391
36
− 868
27x
+ 206
9x2
qh = qh eh − 7
108
+ 1
27x
TABLE XVI. Radial functions in (t, r, θA) coordinates: type-G and type-H potentials. The functions are expressed in terms of
x := r/M and f := 1− 2/x.
gdtt = 0
gdtr = f
(
2
15
− 8
15x
)
hqt =
1
x2
hq bqt + f
(
4
21
+ 16
21x
+ 32
21x2
)
gdrr = 0 h
q
r = 0
gd = 0
gott =
1
x
go eott
gotr = f
(
1
9
− 4
9x
)
hht = h
h bht − f
(
8
3x
− 64
21x2
)
gorr =
1
x
go eorr h
h
r = 0
go = 1
x
go eo
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